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ON SOME RESULTS INVOLVING MANY VARIABLE FUNCTIONS OF
HARDY INTEGRAL INEQUALITIES

ABSTRACT. Inequalities involving superquadratic and subquadratic functions of independent in-
terest are established for refined Hardy-type inequalities using fairly elementary analytical ideas.
The consequences of our main results are derived and the corresponding proofs are presented.
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1. INTRODUCTION

In 1920, Hardy announced his well celebrated and famous inequality [6]. If p > 1,f > 0,

p—integrable on (0, 00) and
x) = / f(t)dt, then,
0

(1.1) /OOO (F:it)>pdac < (ppl>p/0m fP(x)dz, p>1

p
where f is a non-negative measurable function and the constant (p%l) is the best possible.

The inequality was proved in [8] and also holds for:

[(52) oee ) [ o

where 0 < a < b < oo, see [7].

An improved form of the inequality was observed in [2], Where f is non-decreasing. If f > 0, and
non-decreasing, F'is as defined by (1.1). f >0, g > 0, ( 3 is non-increasing, p > l and 0 < a < 1
then

(12) [ (;g)d ==y (xg%))d

The inequality has been developed and applied in almost unbelievable ways, see [10 - 14] and the
references therein. The prehistory of the inequality could be sourced in [9' == is work is motivated
by [15] which used adaptation of convexity of a function to obtain the tollowing: For p > 1 the
refined inequality (1.4).

0 [T e e+ () w0 mo < (L) [ st et

and

o'} A P P i P P o} .
) [Ca@t @i + (1) st re < (1) [ st @)
hold with both inequalities reversed in 0 < p Equality holds in either inequality, when either

p=1or f =0. The constant <k7 ) ( ) is the best possible when the left side of (1.5) or
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(1.6) is unchanged, respectively. The result generalized [16].

The objective of this paper is to obtain a new integral inequality which is an extension of ( 1.1).
Indeed, we shall show that (1.1) in its modified form leads us to some extensions, and a new gen-
eralization of a class of inequalities which are of Hardy-type integral inequalities.

2. SOME USEFUL DEFINITIONS:

We need the following tools in the proofs of our main results.

Jensen inequality:
Let u be a probability measure and let ® > 0 be a convex function. Then, for all {(z) be a
integrable function we have

(2.1) [ octwau <o ( [ cman)

Chebyshev integral inequality:

If {,w : [, f] — R are integrable functions, both increasing or both decreasing, and p : [a, 8] —
R is a positive integrable function, then

B

(22) / @)l / " ez < | starae [ " @)@

[0 o

We observe that if one of the functions ¢ or w is decreasing and the other is increasing, then (2.1)
is reversed and where p(z) = 1. we have

(2.3) / " @) / " () < / " () / e

[

Submultiplicative:

Let ® > 0 is submultiplicative, and ®(0) = 0. If ®'(z) is non-decreasing (nonincreasing), then
@is non-decreasing (non-increasing).

A function ® is called submultiplicative, if ®(zy) < ®(2)®(y), for all 2,y > 0 In particular, for all
n > 1, we have ®(z") < ®"(x)z > 0.

A function ¢ : [0,00) — R is superquadratic provided that for all 2 > 0 there exists a constant

C, € R such that
(2.4) (y) —P(z) —P(ly —z[) 2 Caly —2), Vy =0

We say that ® is subquadratic if -® is superquadratic.

Corrolary 2.1: (See [17, Theorem 2.3].)
Let (£2, 1) be a probability measure space. The inequality

e o[ reane) < [ o - | <I>(’f(8)— [ #9uts)] ) e

holds for all probability measures 1 and all non negative p-integrable functions f if and only if
® is superquadratic. Moreover, (1.1) holds in the reversed direction if and only if ® is subquadratic.

Corrolary 2.2: (See [17, Lemma 3.1].) & : [0,00) — R is continuously differentiable and

®(0) < 0. If ' is superadditive or @ is nondecreasing, then ® is superquadratic.
Corollary 2.3
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b
) = 5 [ n(odute)

convex and superquadratic function. Then,
) dp(z)
Corollary 2.4

Let a,b € R. Suppose n : R — [0, 00) is rd-continuous and ¢ : [0,00) — R is a continuous,
I S B

2.6 P t)du(t < -

20 (5= [ a0ao) <= [ [we)

The proof of the next theorem is sufficient for Corollary 2.3.

Let u,v € R be non negative functions such as pu—integral ff %du(m) < oo and define

the weight function v(7) by

o [ @)
o) = (t=a) [ = —du(e) 1 € (@)

(i) If real valued function ® is convex and superquadratic function such that on (a,b), 0 < a < b <

oo then,
b 1 (@) " Az
| womte) (0(>_ / n(t)du(t)> o

borb o(z) ' w(z)n(x
en o[ <n<t>>’“—(0(@1a [ o )m L) (o))
b
< [ utm@ ) =

holds for all p—integrable function n € R such that n(z) € (a,c).

(ii) If the real valued function ® is convex and superquadratic function such that on (a,b), 0 <
a < ¢ < oo then, (2.7) holds in the reverse direction.

Proof:

(i) Applying Jensen's inequality and Fubini theorem (See [17, Theorem 2.1].), we have

b LW " dp(a)
[ v <a<>— / n(t)du(t)> =

b w(x)n(zx o(x)
< [ G [ oy duta)dute)

q

B /ab (x —l;()x()an(%)— 2 /tb (n(®)" - Wl_a) /a " h0dut)| duto)
28) = /a b ()" tb € ifi?j((f)) S n)an()

oo - Ga=a [ o) gy )

-/ @ty s

My - L7 u(x)n(x) N
/a / 0O = = / WD) S dua)dut)

(ii) This is similar to the proof of (i) above but the only difference is that in this case the inequality
sign is reversed. The proof is complete.
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Further simplification of (2.8), if u(z) = (z — a),a < b < 0o and u(z) = 1 yields

b 1 b b .
| (W_) / n<t>> duta) = [ n(m(o) du(o)

b
(29 < / n(@)n() du(z)

bt 1 o(@) n(z)
Iy (“7(“)((0@_@) / n(t)du(t)>|> s du(a)dut

but if b = co then, above inequality becomes

o 1 o () Td,u(x)
| @ (W)_a) / n(t)> o)

210 = [T 2w

B 0o oo B 1 o(x) r 77(1_)
L] oo [ 0| S5 s du@au)
that is
0 1 o(z) Tdu(x) - 0 n(‘r)T
| @) (W)_a) / n(t)) W) [ ) 2 duta)
(2.11) . ) o) )
n(x
< [T o - oo [ n0an| oAt

(ii) The inequalities (2.11) hold in the reversed direction if ® is subquadratic.
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Corollary 2.5 :
Let wy(t),...,wi(t) > 0, and W(x fo wi(t),...,wi(t) dit,...,d;t . If ®'(x) is non-decreasing

(non—increasmg) then, function M is also non-decreasing (non-increasing) on (0, 00). See
[17] for the proof.

Corollary 2.6 :
Let 0 < b < oo,u : (0,00) — R be a nonnegative weight function such that the function
r — W is locally integrable on (0, 00), and define the weight function v by

b .
v (t) .. vi(t) :t/ M dx: ...dz;, for all ¢t € (0,b)
t

(1) If the real-valued function ® is superquadratic on (a,¢),0 < a < ¢ < 0o, then

(2.12)
/bul( < /Cl (t)...di(t))rdl(m)'ﬂ'v'di(x)+
/ / (Cl _7/ o (t).”di(t))rWdl(x)-“di(x) dy(t)...di(t)

1(z)

g/ wr(@) . ug (@) (G (). G(E)" %Uholds for all ¢ with a < ¢(z) <¢, 0<z <b

(2) If the real-valued function ® is subquadratic on (a,c),0 < a < ¢ <, then (2.2) holds in the
reversed direction.

Proof. We adopt the applications of refined Jensens inequality (2.1) and Fubinis theorem see [17].
we have that
(2.13)

b N\ @) di(w)
/aul( < / Cl (t)dl(t)) 71‘
b
</ M/ () GO da(a) () da(r) (1)~
b () 7 r Tui(x) .. ui(x
_/ W/ (gl(t)...gi(t)_i Cl(t)...(i(t)dl(t)...di(t)> Mdl(x)...di(az) di(t). ..
a 0 0

b b (0
-/ <<1<t>...<i<t>r/ Mm(x)...di<x>d1<t>...di<t>—

_/u”/t”(gl(t) 01 [ ae b, -))dem) @) di (). di(1)

_/abul(t)...yi(t)(gl(t)...Ci(t))’"d //(cl di(t) —f/ Gu(t (t)u-di(t))T

x Mmm cdi(z) da(t) ... di()
which is the proof of the Corollary 2.6.
The proof of (2) is complete if the reserve sign of above inequality is case. However, is similar to
the proof of (1).
Corollary 2.7 :
Let 0 < b < o00,u : (0,00) — R be a non-negative locally integrable function (0, c0) and defined
the function by

G(t).. &(t) = 1/b M dzy ... dz;
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(i) If the real-valued function ® is superquadratic on (a,¢),0 < a < ¢ < 0o, then

(2.14)

/oo (/ a (8. ,d-(t))’”dl(:z:)...di(m)Jr

//<C1 i—x/z Cl(t)“-Ci(t))'t;di(t)>ru1(a:)...ui(aj)dl(x)“_di(x)dl(t)"'di(t)

3/ (@) .. @G ... ) A di@)
b

. holds for all ¢ with a < ((z) <c¢,0<z <b

Proof. With all assumption of the of the proof Corollary 2.6 we have that
(2.15)

/boom(x)...ui x <x/OC1 t)...¢G(t) dl(t) tde(t)>T Al de(x)

o cdi).dt)
S/b ui(z)...u ()/(Cl() Gi() = di(2) ... di@)

/booul(x)...ui(x)/m(J( 7:5/ ot 1) 'di(t)) di (1) -t;ti(t) di(z). .. di(z)

- /Oo<<1<t>...<i<t>>f / V(@) i) dy (@) dy(x) du(t) .. di(t)—
b

‘/boo bt<<1<t>. - —x/ Gt .di<t>)ru1<x>..-ui<x>d1<x>-~dz‘<f>dﬂ”mdi“)'

it . ... d ¢ _ ' 0 ada(t) . di()
< [a0..s0@G0.. a0y ™ t/a/b(@(t)...@(t)dl(t)...dz(t)x/chl(t)...@(t)tg )

di(t)...d;(t)
12

X up(x) ... ui(x) di(z)...d;(x)

which is the proof of the Corollary 2.7.
(ii) If the real-valued function ® is subquadratic on (a,c),0 < a < ¢ <, then (2.2) holds in the
reversed direction.

3. SOME EXTENSION OF HARDY-TYPE INEQUALITIES

The following results are used as preliminary to our main results.
Theorem 3.1 :
Let (1 (2)...¢(2) >0, wi(2)...wi(2) >0, 0<a<l, r>1, ¢g>"=2=D anq

(3.1) Wi(z),...,Wi(z) = /Off wi(t),...,w1(t)d;(t),...,d;(t) foralli =1,2,3--- €N

If the function m is non-increasing function. Then the following inequality
(3.2)

* F(z). ..Fi’}m) (@), di(2)< 1 — /0°° " x(Ci(t) - "Ci(t))rdl(t), o

o Wi(z)...Wl(x)

3

(b—D(r—1)+2¢—1 Wit) .. W (t)

holds.
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Proof.
(3.3)

Flgg Séfgj)dl / W (z). . W (@ )(t%@gl(t)...Q(t)di(t),...,di(t))’;zl(x),...,di(z
/ Wi (z) .. W (2 )((/O t“dl(t),...,di(t)> (/O t“(’“1)><Cf(t)...Ci_’"(t)dl(t),...,di(t)) )dl(x),...,di(z)
/ W (a (@) (/I t“dl(t),...,di(t)y_l/ox $0=1) s (@) () a8, ds(t) da (@), di(2)
(1_a)T 1/0 =N s (). .g{(t)/tooxﬂa)(”) X W (@) ... W (@)dy (), . .., di(z) dy(t), ... di(t)

== 1) / T (er = t W (x)) SORN0 / TR0 20, 0) () (D), )
[~ V%Ei;g/((?)dx T [ trvxvl,ﬁf;)(’f).jv'vjig))ydl<x>,...,dim ar(t).. ... du(t)

is valid. In particular, if we put @ = £, ¢ = § and W(z) = x we obtain (1.1).

We need the following inequality to proof the converse of the above Theorem 3.1.

(3.4) /OOO (Ff)ydl(x),...,di(x) > i: <1:’LT>T (C(;f))rdl(x),...,di(a:)

Proof. Suppose w is non-increasing in Corollary 2.5 yields:
(3.5)
OOF{(JZ)FZ .Z‘) _/oo _r _r —a(r—1) (l(p 1) T
o) T z)d1(x),...,dz(x) 5 W (). . W, (2) (ti Git). .. ¢ (t)dl(t),...,dl(t)) dy(z),. .. di(x)

1 i

o Wi(z).. |
</OOOWT(x)...WiT(x)<</Oxt“ di(t),...,di(t) TTI(/OIt“(T1)x({(t)...giT(t)dl(t)7...,di(t)>i> dy(z), ..., di(z)

/Ooowl( ). W (z )(/jt“ dl(t),...,di(t)>r1/03015“(’"1) X CT(t) ... Cr(t) dy(x), ... di(z) di(t),. .., di(t)
_ 1

(1+a)7’—1/0 galr=1) xq(t)...g(t)/:oxﬂ—a)“-l) X Wi (@) W (@)dy (), ..., dix) di(t), ... di(t)
1 e alr—1 t2 r r > l—a)(r—1)—2r
: = e () S0 G0 [ ) o))

TGN -D+2q-D(—a) / WPy A di@) dd),. . dilt)

If we put a = 1, ¢ = § and Wi(z),..., Wi(z) = z we obtain (1.2).
Theorem 3.2 :
Let Gi(x)...Gi(x) 20, wi(x)...wi(x) >0, 0<a <1, r>1, q>w

)

W(x)z/:w(t)dl(t),. ) and F(z /4 Vi (1), ds(t)

Let ®(z) and ¢(x) be increasing, submultiplicative and convex functions such that ®({(z)) and
¢(w(x)) are integrable function, then the following holds:
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O(Fi(2)... Fi(2))¢(Wi(z)... Wi@)a' "di(2), ..., di(x) <
(3.6) 0 L e
< [ RGE) G)o @) ) T o). i)
for all » < 1.
Proof. If the functions ® and ¢ are convex and submultiplicative, we obtain
O BFu0) o )0 0) o W)
/o P60 Q@) dife) =
:/0 YT < Gt) .. Gt)di(D), ..., di(t)>¢</0 wi(t) .. w;(t)di(t),. .., di(t)> di(2),...,di(z)
s/ f’q>< /cl ..... di(t)>¢<i/0 wi(t)...wi(t)di(t),. .., di(t)> di(z),. .., di(z)
( )P (E) - G(8) (D), -, di(t))q&(/oxwl(t)_,_wi(t)dl(t) ..... di(t)> di(z),...,di(x)

In view (2.1), we have the following

/0 o(z)(z) dy(z),...,d;i(z) <

(3.8)

Since functions @, ¢, wi(z)...w;(z) and (1(z)...¢;(z) are non-decreasing then the function
DO((r(x) ... G(x)) and ¢°(wi(x)...w;(x)) are also non-decreasing and consequently we can ap-
plied (2.3) where p(x) = 1, and by the inequality (3.8), we have

/°° O(Fy(z)... Fi(x)d(Wi(z)... Wi(z))z' "
0 ®(z)o(x)

< /0 T o). GB)bwr(t) . wi() ( /t Oox—%(x)qs(x)dx) di(t), .. ds(t)
(3.9) - /0 T o). )bl (t) . wi(t) ( /t h x-rdx> di(b), ... dilt)
<t [ TRGE G0 )0, i) =

5 [ [T eGean. . a) ©
n=1

Theorem 3.2 :

Let (... >0, Fy...F; and W; ... w; are non-decreasing. Let wi...w; > 0, be continuous on

(0,00). Let ® > 0 and non-decreasing with a < b < co. If wy ...w; is non-increasing and @(i((?))

is integrable on a < b < 0o, the following inequality is valid.

(3.10) /abnp (M) (@), ds(w) < /abqs <M> i (@), .. ds(x)

by convexity ®(x) = a",r > 1 and ® = ¢, the above inequality can be written in the form of

(3.11) Lb<M)Td1(x) ..... di(x)glb<m>rdl(x) ..... di(z)
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Proof.

b Fi(x)... Fy(x) oG ()
Since w is non-increasing, ® and ¢ are non-decreasing, we have
(3.13)

b Fl(a:)Fz(x) . b 1 x
/a Q)(V[G(x)Wlw)) dl(x),...,di(x)—/a (I)<W1(~T)~~Wi$)/o C(t)dl(t),~--,di(t)>
"o (EX (@) Gilx) P (e x (@) @) |
<[ (R ) v = | @< T r D) -0 >d1(t)""’d’(t)>
[ z x (G(2) ... G(z) '
_/a ® (fox(m(t)...wi(t)d1(t),...,di(t))> (@), di() 3/@

The next theorem is a generalization of Theorem 3.3 in [3].
Theorem 3.3:
Let ®(x) > 0 be a twice differentiable function on (0, 00), convex, submultiplicative and w(0) = 0.

(=l
KA
7N
8
X
—
)
—
—
&
L
S~—

Suppose ¢ € Nand r > 1. If xzrw is integrable , then the following inequality:
(3.14)
A $2—7.(I)(37 (F;)sﬁ)Q(x)FZ(x)))dl(x)’ . d; ( ) < %1 x2_7-q)<<1 (-’L'(Iz(z) Ci(x))dl(l'), o ,di(x)
holds.
Proof.
(3.15)
B X (B(). Fi@) % P (B B
/0 x 2 () _/ (I)r+2(x)(b( " " )dl( )y esdi(T)
oo g2 S+ (1 (Fi(x)... Fy(x)) . (o o0 g2-T (Fi(x)... Fi(x)) . . (o
< [" ammtare (L FON 4o, i < [T 5 Le (BB g gy,

002;07"

-5 ( /<F1< ) B ) (o)) =

/ x)) (/too SU_T(I)fx)dl(x),...7di(x)> dy(t), ..., di(t)
/ )% (/too :cpdl(:v),...,di(:c)> di (), ..., ds(t) <
w_l/o D). Gl

x))dy(z),...,d;i(z) O

Theorem 3.4
Let 0 < ¢, non-decreasing on (0,00) and define F' and W as above. If 0 < w is a non-decreasing
on (0,00).® > 0 and non-decreasing with 0 < a < b < co. If the function ¢({(x)w(x)) is integrable
on [a,b], then
(3.16)
b b
[ o (PR AR o). i) < [0 (@060 (o). @) ) o)

2

Proof. The result is obtained from (2.1) in connection with Chebyshev integral inequality, convex-
ity of a functions and by considering the function p(xz) =1 for all = € [a, b], see [17] we obtain.
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5 [ Oz dy(t),..., di(t)} {/I(Cl(t) GO (wr (). .wi(t))dt} dy(z),..., di(a:)>

I
s\;\@g\@
K
TN TN N N N

|
=

4. SOME NEW REFINED HARDY-TYPE INTEGRAL INEQUALITIES

The new refined weighted Hardy-type Integral Inequalities are established as our main results:
Theorem 4.1 :
Let r > 1,k > 1,0 < b < o0, and let (1(t)...¢;(t) be absolutely continuous function and locally
integrable on (0,b) such that 0 < fob "k (T (x). . () (2), .. ., di(x) < 0.
(a) If r > 1, then

_ r
1— k=1

G

r

r

() | (1—[2}"‘1)T R G @) @), di()

(b) If 0 < r < 1, then the above inequality holds in the reserved direction.

The classical Hardy inequality (1.1) for k£ > 1 can be refined by adding a second term on the left
hand side. We have the following inequality:

(4.2)

A (kfl m T . - L [ aw. ..<:<t>d1<t>,...,di<t>> x

x 225 4 (2), L di(2) T (), .. di(t)
k—1

_ <I£1>2/0°° (1 (i)) 2 (). ) di(@), ..., di(z)

_ b rb r z k—1
+ K 1/0 /75 lk—l <;) Cl(t)g(t)—% OC{(t)...Cir(t)dl(t),...,di(t) "5 dy(2), .
T b
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Proof. . By combining Corollary 2.1, ®(z) = =" with » > 1 and u(z) = 1, yeilds

/Ob (i /OICI(t)...Cf(t))dl(t),...,di(t)yw+
+/Ob/tb (Clr(t)m(r(t)_;/OxC{(t)...C[(t)dl(t),...7di(t))T M%mwwm(t)

SAb<1—z) C(x)...Cl(x) di(@), ..., di(x)

X

With a = bg = (i (tFT),..., (" T )zFTand y = 2771 and ¢ = t*1. Therefore,

/< /Clt’““---vwww Ly (1), . di(t))Ter

Cl tk 1 ""’C'L tk l)xk T 77/ Cl tk 1 7"'7<7«(tkyl)tk711dt) W(il(t)?"

A
( 1)’"/0 ( /0 (),---7Ci(q)d1(q),...,di(q))TM+
( 1)T+l/b/ ( (@), Gl T - L /0 Glg), - .,@-(q)dq) T v

0 x
x gj2 7dl(x) q;lildlaﬁv ad1<Q)
T k—1 di(x .. dZ X
</0 (1= )=, et oo Bl )

which implies
(4.4)

= )+/;( 1) G0 h(0)) Do) i)+

TH2 b b r k—1 1 v '
( ) // ( Gl Gla)d T <1<q>,...,<i<q>d1<q>,...,di<q>> x
0 y r Jo

<y T ldi(y),... diy) ¢ (@), di(q)
—( . > Obylk(/oycl Gl )dl(‘I)a-~-7di(Q)>Td1(y)>---adi(y)+
) Ob/b<k ). Gla >(y) -2 Oy<1<q>,...,<i<q>d1<q>,...,di<q>>rx

xy" ’“ffldyq = di(g), ..., di(q)

(5 [ (-7 )yt qn. )

(b) The proof for the case 0 < p < 1 is similar and the only disparity is that in the case all the
inequality signs are reserved.

Remark 4.1:

Putting w1, ...,u; =1 and v the weight function is equal to

1-7,b<o0
1,6 < o0
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Thus, for b < oo and a = 0 (4.3) becomes

/ob (; /Oz Ci(t) .. Gi(t)di(t) . ..di(t))r M+
+/0”/t” (Cl(t) - —*/ Gt di(t). ..di(t))TWdl(x)...di(x) dy(t)...d;(t)

g (@) di(@)
s/o (G (). . ¢y DL 4ite)

xT

- " dy(z) ... di(z)
/O (x/o Cl(t)...ci(t)dl(t)-'~di(t)) - °
+A /t <§1(t)47(t) ;(;/0 Cl(t)...Cz(t)dl(t)-”dl(t)) 2 dl(I)dv(I) dl(t)“'dl(t)

and when b =00 a =0

< / (). Gt

x
Theorem 4.2 :
Let » > 1,k > 1,0 < b < oo and Cl( )...¢(t) be absolutely continuous function and locally
integrable on (b, 00) such that 0 < fb =k ¢r(x) ... ¢ (2)dry, .. dey < 00,

()If7“>1 then

/ </ Cl )dtl,...,dti> dxl,...,dl‘ﬁ'

k-1

_l’_
b
T 00 ;1
< (= / -2
- k—1 b x
(d) If 0 < r < 1, then the above inequality holds in the reserved direction.

The classical Hardy inequality (1.1) for & < 1 can be refined by adding a second term on the left
hand side. In particular, for b = 0 and r = 2 we have the following inequality:

(4.6
1 2
/ o (/ Cl )dth...,dti) dxy,...,dx;+

2

oo pt 1+15E
// [1 — () Cl CT —*/ Cl dtl,...,dti]$2k+;d$1,...,dl‘i. t%ildtl,...

(1—k>/0 27 G2)... Rle) day,. .., da;

Proof. Corollary 2.1, ®(z) = 2" with > 2 and u(x) = 1 yields

dt,.. dt;\" dxq, ..., dz;
/ (/ Ci(t () — ) - +
T
dt,... dt;\" dti, ..., dt
(47) +A / (Cl(t) i —l’/ Cl L t2 ) dl’l,...,d.’EilT

S/Ob(l—) G(@). ..<z<x>w

t o —
b <ki1 M ).t —7/ Gt dtl,...,dti> e ey da 5 N

) dt'z

) dtz
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By replacing a = b%,x = G(tTF),...,¢(tTF)xzTF. Thereafter, by using the substitution
Yy = zTF and q= = implies

h - = - - ."7dti rd ,'."di
R -,

ST ~ - SR " dty,. ... dt;
/ / <C1 t1 % ,..,Ci(tﬁ)gjﬂ_lix Cl(t““)7---741'(t1’“)t1k_1dt) dﬂi1,...,dxil’ti2’
" > > de 7--~7dl’i
(=) [ cl(q>,...,<i<q)dq) LAt
rl-Fk x
( 1

a dxq,...,dx;
< 1— =) Cr(TF), ... (r(tmr ) (et 2 0 20
_/O\ ( .’E)CI( aC (t k) k -

that is
(4.8)

(1;]6)”1/001,@ (/m@(q),...,g(qmqh._,,dqi)rdyhu_ydyi+
( )M/ /( D). Gla)g!

Xy E 1dy1a" dyzq T 1dQ1,...7qu‘

k—1\"" e v
= - Cl(Q)w“7Ci(Q)dq17~'~ain dyi,...,dy;+
r o ¥ 0

r+2 0o pb - .
+<k‘ 1) / /< i1<1(Q),...,Ci(Q)ql+%k—y1+¥/ Cl(q),...7§i(q)dq1,...,dqi> X
Yy

<y Ty, dy T s, dg;

:(k_l)rﬂ/m 1(/ Gilg vCi(Q)d(h,...,dqi>rdy1,...,dyi+ T
( >+2/ /< s Gila) H - gl e )dQL...,dqi) .

Xy Ry, dy g Mg, da;

—k 0 b #
(%) (FM )?f—’“c{(y),...,c;"<y>dy1,...,dyi 0

This completes the proof of the Theorem.
(d) The inequalities are reversed in the case of 0 < p <1 and the proof is similar.

r

~-7Cz‘(CI)dQ> X

E\"T oo ra y 1k oo r
) /b / ( )7"'7(7,( ) = _x/lik Cl(q>7"'7<i(Q)dq17"'adqi>jx17~- dxz q T dqla"'
7), -

) d%
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