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Dynamic Behaviours of Non-Uniform Rayleigh Beam under
Variable-Magnitude Accelerating Masses and Resting on
Non-Uniform Bi-parametric Foundation with General Boundary

Conditions

Abstract

This paper investigates the dynamic behaviours of non-uniform Rayleigh beam under variable-magnitude
accelerating masses and resting on non-uniform bi-parametric foundation with general boundary con-
ditions. The problem is governed by a fourth-order partial differential equation, generalised Galerkin’s
method use to reduces the fourth-order partial differential equation to sequence second-order ordinary
differential equations. Two cases are examined: moving force (neglecting inertia term) and moving
mass (considering inertia). In order to solve the moving force problem, the transverse displacement
response is obtained by variation of parameters. In order to solve the moving mass problem, the
Runge-Kutta of fourth order is used to obtain the approximate solution because the commonly used
Struble asymptotic method was unable to simplify the coupled second order ordinary differential equa-
tion due to the variability of the load magnitude. Analytical and numerical solutions (Runge-Kutta)
are compared for validation of accuracy of the Runge-kutta scheme and found compared favourably.
The results are presented in plotted curves, illustrating the effects of shear modulus, rotatory inertia
correction factor results show increased shear moduli and rotatory inertia decrease response ampli-
tudes, and critical speed for moving mass is lower than for moving force, leading to earlier resonance.
Resonance conditions for the dynamical system are also established.

Keywords: Non-uniform Rayleigh beam, bi-parametric foundation, moving force, moving mass,

Galerkin’s Method, Runge-Kutta.

1 Introduction

This paper is sequel to an earlier work by [1] which investigated the dynamic behavior of simply sup-
ported non-uniform Rayleigh beams under variable-magnitude accelerating masses on non-uniform
bi-parametric foundations. Specifically, this study generalizes the theoretical framework presented in
[1] to provide a more comprehensive understanding of the dynamic response of non-uniform Rayleigh
beams under variable-magnitude accelerating masses on non-uniform bi-parametric foundations. Beam

dynamics is a vital aspect of structural engineering and mechanical systems, particularly in complex
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loading and foundation scenarios. The Rayleigh beam theory, which accounts for rotating inertia and
shear deformation, has become a widely accepted model for understanding beam behaviour. Research
into the dynamic responses of structural members on elastic foundations subjected to moving loads is
crucial, with applications in enhancing our understanding of dynamic characteristics in various fields,
including transportation infrastructure, aerospace, and mechanical engineering. The works of several
researchers, including [2], [3], [4], [5], [6] and [7], have made significant contributions to this field.
The dynamic response of beams subjected to accelerating loads is a multifaceted challenge travers-
ing various engineering disciplines. Specifically, it is pivotal in high-speed transportation systems,
where rail vibrations impact passenger safety and comfort. In aerospace engineering, understanding
beam dynamics under accelerating loads ensures structural integrity and stability of aircraft wings,
helicopter rotor blades, and spacecraft components. Civil engineers must consider dynamic responses
when designing bridges and buildings to withstand seismic activity, wind loads, and vehicular traffic.
Moreover, mechanical engineers rely on accurate beam analysis to optimize gearbox and transmission
systems, rotating machinery, and machine tools. Industrial machinery, including conveyor belts and
vibrating screens, also requires precise dynamic modeling to enhance performance and reliability. In
most of the work of dynamic response of non-uniform beam available in literature, when the beam
is under variable-magnitude accelerating loads is a neglected in there area of research, as evidenced
by the works of [3], [7], [2], [8] and [9]. Model complexity and parameter estimation challenges have
hindered comprehensive investigation.

[10] investigated dynamic behaviour under moving distributed masses of non-uniform Rayleigh beam
with general boundary conditions. Their study provided valuable insights into the effects of founda-
tion moduli and rotatory inertia correction factor on the response amplitudes of the beam. However,
their work focused on loads with constant magnitude, leaving a knowledge gap regarding the dy-
namic response of such beams to loads with variable magnitude. This study aims to address this
gap by exploring the flexural vibration of a non-uniform Rayleigh beam subjected to variable magni-
tude accelerating masses. In real-world applications, non-uniform beams are frequently subjected to
variable-magnitude accelerating loads, significantly impacting their dynamic behavior. Examples in-
clude high-speed transportation systems, where railways and maglev trains exert variable-magnitude
accelerating loads on bridge structures and rail tracks; aerospace engineering, where aircraft wings
experience accelerating loads during takeoff, landing, and maneuvering; industrial machinery, such as
conveyor belts and vibrating screens; construction, where cranes and elevators subject building frames
to accelerating loads; and vibration-based energy harvesting systems. Despite their prevalence, ex-
isting research has primarily focused on simplified loading conditions, neglecting the complexities of
variable-magnitude accelerating loads. Accurate modeling is crucial for ensuring structural integrity,
optimizing beam design, and reducing material costs. However, mathematical model complexity and

parameter estimation challenges have hindered comprehensive investigation, creating a significant
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knowledge gap that necessitates further research. In this research, particular attention is focused on

variable magnitude accelerating load.

2 Mathematical Model

Consider a non-uniform Rayleigh beam of length L, resting on a non-uniform bi-parametric foundation,
and subjected to accelerating masses and a traveling distributed load with significant inertia, neglecting
damping. The beam’s vibration is governed by the fourth-order partial differential equation given in
by [11] as follows

A &g (x, t)} NP (@) 0*q* (x, 1)

az?[E‘](x) 12 IR ST

O*q* (z,t)
Ox20t?

—u*(z)Ro +Fy(z,t)q" (z,t)) = P*(x,t)

(1)
EJ(zx) is the variable flexural rigidity of the structure, ¢ is the time co-ordinate, x is the spatial
co-ordinate, ¢*(x,t) is the transverse displacement, p*(x) is the variable mass per unit length of non-
uniform beam, N is the axial force, Ry is the rotatory inertia factor, Fj(x,t) is the variable foundation

reaction, P*(x,t is the tranvelling load.

The non-uniform bi-parametric foundation in this system is modeled to be of the form:

Fi(x,t)q" (2, 1) = S(2)q" (2, 1) — G'(w) 5-q"(2,1) = G(x) 554" (2, 1) (2)
Oz Oz
where S(x) is the variable foundation stiffness and G(z) is the variable shear modulus.

Considering the influence of moving loads on beam response, the load P*(z,t)) takes the form

2 *(p
P*(x,t) = Qf(, 1) [1—jﬁlq <g’t)” (3)

where the continous moving force Q¢(z,t) acting on the beam model is given by
Qf(z,t) = MgcoswtH (x — P*(x,t)) (4)
P*(z,t) is the distance traversed by the load at any time instant t is given by:
P*(t) = o+ ct + %atQ (5)

where zy denote the point of application of the force Q*(x,t) at any given instance. ¢t = 0, ¢ is the
initial velocity, a is the constant acceleration of motion.

Since the load is taken to be the mass M and time t taken to be limited to the interval of the time
0<P(t) <L (6)
and the H(x — P*(t)) is the heaviside function which is defined as

I . _ 0, =< P*(t);
AL T )

with the properties
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2 (i~ P(0) = o~ (1)

X

ii
0, x < P*(t);

F@)H(z — P*(1)) =
f(x), x> P*(t).

where 6(x — P*(t)) represents the Dirac delta function defined as follows:

0, P*(t);
sa—pry={ » T
oo, x = P*(t).
ii
0, 0;
5(z) = i
oo, =0
with the properties
i
6(x) = 6(—x)
ii
0, k<a<b
b k), a<k<b;
/ 5o B f(ayde =4 T @
a 0, a<b<k

g is the acceleration due to gravity and C‘li—; is a convective acceleration define by [11].

a0 d_, . 0 dP*(t)\ 0>  d* [ _,
M_mf”ﬁpwm&+<ﬁ Lm+ﬁ4p®>

As an example in the problem [12], S(z) and G(x) take the form

S(z) = So(4z — 322 + 2%) and G(z) = Go(12 — 13z + 622 + 2%

So is the foundation constant and Gy is a constant shear modulus.

Also adopting example [13], J(z) and p*(z) are taken to be of the form

T

J = Jy(1 i
(2) o(1 + sin T

L

)3 and p*(z) = po(l + sin -

(10)

(12)

(14)

(16)

substituting equation (2), (3), (4), (14), (15) and (16) into equation (9) after some simplifications and

rearrangements one obtains
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EJy [ 9 2rx 3rx 0%q*(, t 82 *(x t)) 0%q* (w,t)
10 + 15sin — — 2 - N 1 el el a2
e [a2<0+ 5smL 6 cos 7 sin ) —i—,u,0< —|—s1nL> BrE
v o*q*(z,t) o
_M0<1+SIH>RQW+SQ<4CC—3$ +x> *(x,t)) — (—13+12x+3x>axq (x,t)
5 5 82 5 82 2
— 12 -1 — M H — +2
G0< 3+ 6z + )(%2(1 (x,t) + M coswt [ <ﬂc +ct + at >] [8152 + (C+at)8x8t+
(+t)i2+g *(z,t) = MgcoswtH |z — +ct + ~at?
ctat) o5 +ag | (z,t) =MgcoswtH |z ZTo+C 2a
(17)
It is assumed that the initial conditions are
q*(l‘,()) =0= q;fkt(xao) (18)

3 Solution technique

Equation (17) presents a fourth-order partial differential equation with variable coefficients, governing
the dynamics of the non-uniform Rayleigh beam subjected to traveling variable magnitude distributed
loads. Due to its complexity, an exact closed-form solution is unattainable. To address this, an
approximate analytical solution is sought using the Generalized Galerkin Method (GGM), as described
n [11]. This technique involves simplifying and reducing Equation (17) to a set of second-order
ordinary differential equations, known as Galerkin equations. To apply GGM, the solution to Equation

(17) is assumed to take the form:

qj(z,) ZQ] (19)

where Zj(x) is chosen such that the pertinent boundary conditions are satisfied. Substituting (17)

into (19) and after some simplifications and arrangements, one obtains

N

; [((Zj(w) + sin 7Tfw(Zj(%)) — Ro(Z (x) + sin”LxZ]’.’(x))>Qj(t) + (iﬁ <1OZ“’( ) + 15sin L;Z}”(x)
— 6 cos 27TTQUZ”’( ) — sin 37TT:UZ“’(m) — 30% cos fZ”’( x) + 247” sin 27TT%Z”’( ) — 6% cos 37%62’”( )
iz <4xZ (2) — 32°Z;(x) + m?’Zj(x)) — ig < — 13Z}(x) + 122Z}(x) + 32° Zj(x) + 12Z]
(0) = 1302}(a) ~ 6°2](2) + £ 2}10) ) | Qst0) + y Meonar (1o~ (2o st 3a) | w0
=1

+2(c+at)H [m — <3:0 +ct + ;at2>] Zi()Q;(t) + (c+ at)*H [m — (mo + ct + ;at2>] Z} (2)Q;(t)+

aH|:.’I;— <.’L’O+Ct 1at2>]Z;(:E) j(t)> MH |:;[;— <£L‘0+Ct—|—1at2>:| =0
9 Ko 2
+ 4 (20)
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In order to determine Q;(¢) it is required that the expression on the right hand side of equation (20)
be orthogonal to function Zy(z).

Hence

LN T T .
{ /0 Z { ((Z](x)Zk(:E) + sin f(Z](x)Zk(x)) — Ro(Zgl(a:)Zk(ac) + sin LZJ/',(.Z‘)Z]C(ZL‘))> Q;(t)+
i=1

Ely v . T e 2mx .., . 3TT s
{ (10Zj () Zy(z) + 15sin ij (x)Zy(z) — 6 cos TZj () Zi(z) — sin TZj (x) Zy(z)

4pio
_ 307% cos %ZJI'”(ZC)Zk(x) + 247” sin %TxZJI-”(x)Zk(x) - 6% cos ?HTT:CZJ'-"(x)Zk(x) — 1?;2 sin %xZ]”(ZL‘)Zk(x)
+ 22117;2 cos 2WTI:ZJ”(x)Zk(a:) + 9L7T22 sin ?TEZJ”(J:)Zk(x)> - JEUJ’.’(;E)U,C(;,;) + 52(41’%(1’)5%(%)—
81 Zj(w) Zy(x) + xSZj(x)Zk(x)> - i? ( — 18U(2) Zi () + 122 Z}(x) Zip(x) + 32 Z}(2) Zy,(x)

+ 1277 (x) Zy(x) — 1322} (x) Zp(2) — 6;UQZJ'~'(:U)Zk(:B) + :U?’Zj'-'(:n)Zk(x)) }Qj(t)

N
5 M coswt (H(x — ) Zj (%) Ze(2) Q5 () + 2(c + at) H(zx — f(t)) Zj(x) Zi(x)Q; (t)

i—1 1o

+(c+at)*H(z — f)Z} (x) Zi(2)Q;(t) + aH (x — f(t))Z;(x)Zk(x)Qj(t)>

M
- ML (s ()2t s =0
0
(21)
After simplification and arrangement of (21) one gets
N ..
5 { (Aot + 4105:09) = Bo(Aals) + A ) 356+ (W (1044030) — 1545058
§=0
: . 30m T .. 7r . w2 ,

— 6A6(j, k) — A7(j k) + ——As(j, k) + 247 Ag(j, k) — 67 Ao (5, k) — 15 An (5, )

2 2
+ 24%1412(.77 k) + 3%A13(j7 k)) - WBA14(j7 k) - WC’ <4A15(j7 k) - 3B16(j7 k) + Al?(jv k)) (22)

W ( 131G, k) + 124190, k) — 3As(js k) + 12401 (k) — 13 Asn(j, k) — 6A23(j, k)

= AnG k)) ) Q;(t) + Mcoswt (A25 (5. KO, (1) + 2(c + at) Bas (G, KO3 (1)
+(c+ at) Asr (G, K)Q; () + adas (j. k)@-(t))} - It e
where
WA—@, WB:@, WC:@ WDZGO
Ho Ho Ho Ho
L
Ao k) = / Z,(2) 2y (2)da
0
L
A k) = / sin 7, (x) Zp,(z)dx
0
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s

L
As(j, k) :/ sin — 73 (x) Zy(x)dz
0

L
A4(j,k:):/0 Z;”(x)Zk(x)dx

L Tr _.;
As(j, k) :/ Sian}”(x)Zk(x)d:c
0

L
2 .
Ai.R) = [ cos T 20 0) (o)
0

3w

L

Ar(j, k) = /O sin 7 720 () Zy(2)d
L

Ag(jjk):/o cos%Zé"(m)Zk(x)dm
Lo m "

Ag(m, k) = ; s1n272j () Zk(x)dx

T

A1o(j, k) :/OL0083 7 75 (@) Z()dx
L T

Ak = [T 2 @) Zula)da
L T

Ar2(j, k) :/0 cos 2 Z{ () Zy(w)dx

L T
Als(j»k’):/ sin3— 7 («) Zy(w)dx
0
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Ags(4, k) = /OL H {x — (x + ct + ;at2>] Zi(x) Zy(x)da

Aor(j, k) = /OL H [x — (1: + ct + ;at2>] Z} () Zy(x)da

Ags (4, k) = Ass(j, k)

Agg(j, k) = /OL H [:p — (aco +ct + ;at2>] Zy(v)dx (23)

In order to solve this equation, Using the Fourier series representation of the Heaviside unit step

function, namely,

1 1 sin(2n+1) *(t
H(z = p*(t Z+;Zsm ”+ Jr@ = p'(t) O<z<L (24)
0

and an appropriate selection of function is the following beam function Z;(z):

Zj(x) = sin % + A cos 2~ L C 4 B; sinh % 4 Cj cosh 2% (25)
so that
e UT oy B ayz
Zy(x) = sin 7 + Ay cos 7 + By, sinh 7 + C, cosh T (26)

The unknown constants A;, B;, C;, A, By, C; and the natural frequencies a;, aj are obtained by
applying classical boundary conditions. Substituting equation (24), (25) and (26) into (22), after some

simplification and rearrangement, one obtains. and substituting into (22) after simplification yield

g . 1 1 < cos(2n + D)m(zo + ct + 1at?) ,
Do(j, kYO (1) + Dy (G, k) Zon (¢ L =BG k) + =~ Bua(n, j, k)—
0 R)G0) + D1l Zn(0) + eocoswt{ L TrCik 3 T (.5, )

in(2n + 1)w(zo + ct + at?)
(2n+1)

&,
=

Bun(n.3.1) ) 35(0) + 22(e + ) (1Qali )+

3| =

Mg =[V]8

cos(2n +1

(o + ct + Sat?) 1 i sin(2n + 1)m(zo + ct + Lat?)

27’L—|— ) B2a(naja k) - ; (2’1’L+ 1) BQb(n’j’ k)) Qj(t)

3| -

)
( g
1 X cos(2n + 1)m(xg + ct + +at?)
=D (2n +1) ;

B3, (n, Js k)
0

+
q|—= -/ o
=
Q
_|_
Q
N
7~
oy
w
&l
=

i sin(2n + 1)m(zo + ct + at?)
(

. 1 :
on 1 1) Bsp(n, j, k)) + La<4B2(j7 k)

1 cos(2n + 1)w(zo + ct + 1at?) 1 < sin(2n + 1)w(zo + ct + 1at?) , ‘
+7r20: @n+1) Baa(n.ji ¥ wzo: @nt 1) BQ”(”J”“)>>QJ“)}

(27)
where

Oric = — cosay, + Ag sinay + By, cosh ay, + Cp, sinh ay,
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Bl(j7 k) = AO(j7 k)

L
Bia(n,j, k) = / sin(2n + V)raZ;(x) Zi(v)dx
0
L
Big(n,j, k) = / cos(2n + 1) maZj(x) Zy(v)dx
0
Bs(j, k) = Ais(m, k)
L
Boa(n,j, k) = / sin(2n + 1w Z}(x) Zy(x)de
0
L
Bop(n, j, k) = / cos(2n + V) wxZ}(x) Zy(z)dx
0
Bs(j, k) = Az(m, k)
L
Bsa(n,j, k) = / sin(2n + 1)mxZ] (x) Zy,(x)dx
0
L
Bsgp(n,j, k) = / cos(2n + 1)maZ} (x) Zy(z)dx
0
M
€ = —— 28
* 7 L (28)

€o 1s the inertia term.
Equation (27) governs the dynamic behavior of non-uniform Rayleigh beams under variable-magnitude

accelerating masses and non-uniform bi-parametric foundations. T'wo special cases are now discussed.

4 Closed Form Solution

4.1 Non-uniform Rayleigh Beam Traversed by Moving Force

By assuming negligible inertia (eg) in equation (27), an approximate solution for the dynamic problem

is obtained as

N ) LMgcoswt a 1 . a 1
Do(m, k)Q;(t) + D1(j, k)Q;(t) = bt A 0¢ + cos —(zg + ct + —at?) — Ay + sin — (g + ct + ~at?)
ag o L 2 L 2
1 1
— By +cosh 2 (g + et + ~at?) — Oy, + sinh 2 (o + ct + ~at?)
L 2 L 2
(29)
after Rearranging (29) yield
R ) ay 1 5 . Qg 1 9
Qj(t) +0;Q;(t) = Py coswtq 0c + cos f(azo +ct+ gat ) — Ag sin f(l“o +ct+ §at )
(30)
1 1
— By, cosh %((l)o +ct + iatQ) — (Y} sinh %((l)o +ct + 2at2)}
where
LMg o D14 k)
P,=——— and 6= - 31
" poarDo(j, k) 7 Do(4, k) (31)

The solution to equation (30) in conjunction with the initial condition is given by
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P, 1 1
() — ™ Ao+ ArBy + B A B
Q;(t) 29j( (9J0+ 0 + AxBo + BrAj + Ck 0><Q Q2>
1 1
+2<A2—AkB2—BkA2—CkBé> <QB+93)
1 2

1 1 1 1
—24 <A4 — ApBy — BpAq — CkB4> (5 + Q5> + 720B5g <Ak + Ck) (m + Qg)) cos 0;t
)

<<A1 + ApBy + BRA| + CkB’> (

1 1 .
— 6<A3 — ApBs — B A3z — CkBg> <Q4 + 934> — 120 <Ak + Ck> <Q§' + Qg)) smﬁjt

- <<9JC + Ag + Art 4+ Agt? + Agt® + A4t4> <COS fht |, cos ta)

0 Qs

sinf)1t  sin Qot cos it cosaot
+ <A1 1240t + 3A51% + 4A4t3) ( 921 + QQQ ) T <2A2 1 6Ast + 12A4t2> ( o LA 932 >
1 2 1 2

sin 4t sinQot cos€)l;  cos{at
— | 6A3 + 24 A4t —24A
(60 + 4)(9%*93) <ﬂ*9)>

Ot Ot
- Ak< — <BO + Byt + Bot® + Bst® + Byt* + Bst® + Bﬁt6> (COS bl )

0 Qs
sin 1t sin ot
0? + 02
1 2

T+ (31 + 2Bot + 3Bst? + 4Byt + 5Bst* + 636t5> (

Mt Ot
+ ( 2By + 6Bst 4+ 12B4t* + 20B5t> + 30361&4) <COS 1t cosQy >

_|_
i o

6Bs + 24 Byt 4+ 60Bst> + 12036#‘) (
cos 1t cos ot
Q5 + Q5
1 2

sin{yt  sin €t cosit  cosat
- 2OB5+72OBﬁt)< R >+72OBG< ot ar >>
1 2 1 2

sin 1t sin ot
o Tt
1 2

24 B4 + 120Bst + 360B6t> (

< < 6 + At + A2t2 + A3t3 + A4t4> <

sin 4t sinQot cos it cos €t
Ay + 245t + 3A5t* + 4A4t3> < 921 + 922 > + (2A2 +6At + 12A4t2) ( s =+ 932 )
1 2 1 2

(

-

3

(

( . .
<6A3 N 24A4t> (stlt . s1n92t) - 24A4(cos91t . coszﬁ))
(

(

3

3

)

cos 1t n cos ot
0 Qo

o 25 0 o

cos cos (ot
< <BO + Byt + Bbt* + Bst® + Byt + Bst® + BGt6) < -+ : )

0 Qo
sin 4t sinQot
02 + 02
1 2
cos it cos ot
O3 + O3
1 2
sin 4t sin ot
95 + 955
1 2
cos Ot N cos Qg))
07 0

in Oyt sin Oyt Ot cos ot
120B; + 72036t> <SH;261 + > + 7208, <COS 0 o >> cos Ojt+
1 2

+ | By + 2Bt + 3Bst® + 4Byt® 4 5Bst* + 636t5> (

+ ( 2B} + 6Bst 4+ 12B4t? + 20B5t> + 30B6t4> <

6Bs3 + 24 Byt + 60Bst® + 12036753) <

24B4 + 120Bst + 360B6t> (

Qf Qf
in ) in ot
sin O N sin Qo
91 2
10

<<9JC + Ag + At + Agt? + Azt + A4t4) (
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cos it cos ot sin 1t sin st
Ay + 240t + 3A3t% + 4A4t3> < 921 + 922 > - <2A2 + 643t + 12A4t2> ( 931 + 932 )
1 2 1 2

cos it cos ot sin 4t sin ot
6A3 + 24 A4t 24A
oo 24t of o] ) 2 o o )

sin ¢t sin ot
<<Bo + Bit + Byt” + Bst® + Byt* + Bst® + Bﬁt6> ( —+ ; )

9 0y

Ot Oot
+ 1+2B2t—|—3B3t2+4B4t3+5B5t4+636t5> <COS 1 cos 2y >

_|_
% o3

sin ¢ sin ot
2B; + 6Bst + 12B4t2+2035t3+3036t4> (bm Sy >

+
o o

6Bs + 24Byt + 60B5t> + 120B6t3> (

sin 1t sin Qot
Q5 + QE)
1 2

u
3
(v
3
3
(
N ( 20Bs + 72OB6t> (cosﬂlt N cosﬁgt) B 72036<sin91t N sinQQt»
(
i
(»
3
3
(

cos Ot N coS lef)
O Q3

+ | 24B4 4+ 120B5t + 3603675) (

0 Q5 o] o

1O -
Ap + At + Aot? + Ast? + Agt? sin {21 + sin Qot
Ql QQ

cos it cos ot sin ¢t sin Qot
Ay + 245t + 3A5t° +4A4t3>< 921 - 922 > - (2A2 +6A3t + 12A4t2>< le + Q32 )
1 2 1 2

645 + 24A4t> <co;i21t N co;ibt) N 24A4<sm§21t N sm§22t>>
1 2

0 Q3

in it sinQat
<(B<3+Bit+Bét2+Bgt3+B4t4+Bg,t5+B6t6> (Sm it sin 2)

04 Qo
cos{it  cos ot
2 oz
1 2
sin 4t sinQot
03 + O3
1 2
cos Ot N cOS ng)
T Q3

sin it sin Qot
+ 24B4—|—12OB5t—|—36036t>< 951 + 952 ))
1 2

cos it cos ot sinqt  sin Qot .
- (12035 + 72OBGt>< ot e > - 72036< ot —ar +)>) sin 61 (32)
1 2 1 2

_l’_

+ 2Bt + 3B3t? + 4Byt + 5Bst* + 636t5> <

2B + 6Bst + 12B4t? + 20Bst® + 3036t4> <

6Bs + 24 Byt + 60Bst® + 12036t3> <

where

1
A() =1- kol‘%, A1 = QCkQLL’(), A2 = —ko(a$0 + 62), A3 = —acko,A4 = ZGQkI() and A(l) =1+ kox%

1 3 )
By =z — klxg, By =c—3cxd, By = —a— (Saxy+ 3c®xy), Bz = —(3acro+c), By=—

3
5 5 (ZxoaQ + 5@02)
1 1 3
Bs = —a%c, Bg= ga?’, Bé = x0 + klxg, Bl =c+ 361'% and B% = 5@ + (§a:r0 + 3c2xg)
2 3
a
QN =bn+w, Q=bn—wn ko=1, =t 7=T (33)

11
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using equation (33) in (19) after simplification one obtains

* - Pn
@ (z,t) = Z { - W <( - (Q,C + Ag + ApBy + BrAy + CkB()> <Q§Q§ + ng)
j=0

+2 <A2 — ApBy — BrAy — ckBg) (Q‘{Qg + Q{Qé)

—24 <A4 — ApBy — By Ay — CkB4> (Q%QZ + Q{Qﬁ) + 720Bs (Ak + ck> (Qg + QI)) cos 0t

n ((A1 L ABy + Budl + @Bi) (9?95 n QZQ%)

- 6<A3 — ApBs — BrAs — ckBg) (Q?QS + Q{Q%) — 120 <Ak + Ck> <9195 + Q{m)) sin 0t

< - <9JC + Ag + Ayt + Agt? + Ast® + A4t4> <Q§Q§ cos Q1t + Q705 cos Qgiﬁ)

+ (Al + 2Aot + 3A3t% + 4A4t3> <Q§>Qg sin Qi + Q7Q5 sin 92t>

+ (2A2 + 6A3t + 12A4t2> <Q‘§Qg cos Qit + Q107 cos QQt) - <6A3 + 24A4t> <Q§Q§ sin Qi + Q73 sin Qgt)
— 244, (Q%QZ cos it + Q103 cos 92t>> — A < — (Bo + Byt + Bot? + Bst® + Byt* + Bst®

+ Bgt6) (Q?Qg cos it + QIS cos QQt) + <31 + 2Byt + 3B3t? + 4Byt + 5Bst* + GB6t5> <Q‘;’Q; sin ¢

+ Q5 sin Qgt) + (232 + 6Bst + 12B4t* 4+ 20Bst> + 3036t4> <Q‘{Q§ cos Qit + Q103 cos Qﬂ)

— <6B3 + 24 Byt + 60Bst* + 12036t3> <Q§Q§ sin Q1t + Q]Q3 sin Qgt)

— (2434 4 120Bst + 360B6t> <Q§Q§ cos it + Q103 cos Qﬁ))

+ (12035 + 72036t> <le2; sin Q1 + Q70 sin Qgt> + 720B; <Q; cos Qit + Q7 cos ta>>

— By < (A{) + Ayt + Ast? + Ast? + A4t4> (Q?Qg cos Qi + Q108 cos Qgt>

+ (A1 + 249t + 3A3t* + 4A4t3> (gmg sin Q1 + Q7Q3 sin Q2t> + <2A2 + 6Ast + 12A4t2> <Q§Q§ cos Ot
+ Q15 cos QQt) — <6A3 + 24A4t> <Q§Q§ sin Q¢ + Q703 sin Qgt> — 244, (Qfﬂg cos it + Q102 cos 92t>>
- Ck< - <B6 + Byt + Byt? + Bst® + Byt* + Bst® + Bﬁtﬁ) <Q§5Qg cos Qit + Q108 cos Qgt>

+ (Bg + 2Bt + 3B3t? + 4Byt + 5B5t* + 636t5> (Qigg sin Q¢ + Q703 sin ta>

+ (235 + 6Bst + 12B4t* 4+ 20Bst> + 3036t4) <Q‘{Q§ cos it + QIO cos Qgi)

- (633 + 24 Byt + 60Bst* + 12036753) <Q§>Q§ sin Qi + Q7Q3 sin le&)
— (24B4 + 120Bst + 36036t> (Q%QZ cos Qit + Q703 cos 92t>>

+ (12035 + 72OB6t> (QIQE sin 4t + Q’]Y_QQ sin Qgi) + 720Bg (Qg cos it + QZ cos leﬁ)) cos 0t

12
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+ ((a;c + Ag + At + Agt?® + Agtd + A4t4> <Q?Qg sin Q¢ + Q708 sin ta> +

+ (Al + 2Aot + 3A3t2 + 4A4t3> <Q§’Q§ cos Qit + QI3 cos Qg)f) - <2A2 + 6A3t + 12A4t2> <Q‘{Q§ sin Q¢
+ Q703 sin Qg?ﬁ) - <6A3 - 24A4t> (Qi’ﬂg cos Qit + Q703 cos Qgi) + 244, (Q%QZ sin Q¢ + Q03 sin Qgt>>
— A ( (Bo + Byt + Bot? + Bst® + Byt* + Bst® + B@-t6> (Q?QZ sin Q1 + Q7QS sin QtQ)

+ (B1 + 2Bot + 3B3t? + 4Byt + 5Bst? + 636t5> <Q§Q§ cos Qt + Q103 cos Qgt>

— (232 + 6B3t + 12B4t* + 20Bs5t> + 3036t4> <Q‘{Q§ sin Q1 + Q7Q3 sin Qgt>

- (6B3 + 24 Byt + 60Bst> + 120B6t3) <Q§Q§ cos Qut + QI3 cos Q2t>

+ (24134 + 120B5t + 3603675) (Q%QS sin Qt + Q103 sin Qgi&))

+ (12035 - 72036t> <Qlﬂg cos Qt + QI cos ng) — 720Bg (Qg sin Q¢ + Q7 sin 92t>>

— By, << O+ At + Agt? + Ast® + A4t4> <Q?Q; sin Q1 + Q70QS sin Qgt) +

+ (A1 + 249t + 3A5t% + 4A4t3> <Q§>Q; cos Qit + Q03 cos Qﬂ) — <2A2 + 6Ast + 12A4t2> <Q‘{Qg sin Oyt
+ Q04 sin QQt) - <6A3 + 24A4t> <Q§Q§ cos Ot + Q7O cos Qgt) + 2444 (Q%QZ sin Q¢ + Q03 sin 92t>>
— Cy, ( (Bg + Bt + B4t? + Bst® + Byt* + Bst® + Bﬁt6> (Q?QZ sin Q1 + Q]Q3 sin Qtz)

+ ( ' + 2Byt + 3Bst? + 4Byt® 4+ 5Bst* + 636t5> <Q‘;’Q; cos Qit + QI3 cos Qgt>

— (23; + 6B3t + 12B4t* + 20Bs5t> + 3036754) <Q‘{Qg sin Qi + Q703 sin Qgt)

- (6B3 + 24 Byt + 60B5t* + 12036t3> (Q{’QZ cos Qit + Q703 cos Qg?ﬁ)

+ (2434 + 120Bst + 360B6t> <Q§Q§ sin Q1 + Q103 sin 92t>>

+ (12035 + 72036t> <Qlf2; cos it + Q{Qz cos Qgt) — 720Bg (Q; sin 4t

+ Q sin le&)) sin th> } X (sin % + Aj cos LTy Bj sinh % + Cj cosh aix> } (34)

L

Equation (34) provides the transverse displacement solution for a non-uniform Rayleigh beam under

the influence of a moving distributed force with arbitrary boundary conditions.

13
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4.2 Non-uniform Rayleigh Beam Traversed by Moving Mass

If the inertia term is retained, then it is termed the moving mass problem. In this case, the solution

to the entire equation (27) is required. That is, if €y # 0, we have
Do (4, k)Q;(t) + D1(4, k)Q;(t) + eo cos wt{Al(n,j, k)Q;(t) + 2L(c + at)Aa(n, §,k)Q;(t)

07c + cos %f(t) — Aj, + sin %p*(t)

LMgcoswt
L L

+ (L(c—i— at)Az(n, j, k) + aLls(n, j, k>>Qj(t)} T loan

— By, + cosh %p* (t) — Cf + sinh %p* (t)} (35)
where

1 X cos(2n + D) f(t) ) 1 in(2n + )mp*(t) ,
7AN] (n m, k) 7Bl<]7 + 77203 (2n+ 1) BIA(n>.7>k) - WEO: (2n+ 1) BlB(na]ak)

, 1 1 X cos(2n + 1)m , 1 2n + )7 ,
A2(n7]7k) B2 .]7 + ;Z f( )BZA(nu.jak) - ;Z ( ) P ( )BQB(n7]7k)
0 0

(2n+1) (2n+1)
_ 1 < cos(2n + D) f(t) , 1 o= sin(2n + 1)mp*(t) _
A k B — B k) — — B k
3(77‘7]7 ) 3]7 +7T¥ 277,—|—]_ 3A(na.77 ) Wg (2n+1) 33(”7]7 )
(36)
futher simplification and rearrangment of (35) yields
Qj(t) + DC1Q;(t) + DC2Q;(t) = DCs (37)
where
DO 2L(c + at)eg coswtNa(n, j, k)
L Dy(j, k) + eg coswtNi(n, j, k)
DOy — D1(j, k) Leo(C + at)? coswtA3(n, §, k) + aLeg cos wtNo(n, j, k)
> Do(j,k) + €g coswtNi(n, j, k)
LMgcoswt ag . Ak ak
DC5 = 6 s —p*(t) — A —p*(t) — B h —p*(¢
5 (Do(m,k:)—I—I‘ocosthl(n,j,k:))ugak< JO F co8 r? ®) s+ sin L’ ®) R o+ cos L? ®)

— C}, + sinh (Z“p*(t)>
(38)

The fourth order Runge-Kutta scheme is used to solve (37) to obtain transverse displacement solution
for a non-uniform Rayleigh beam under the influence of a moving distributed mass, accelerating masses

of variable magnitude, and a bi-parametric foundation with arbitrary boundary conditions.

5 Illustrative Examples

This section presents illustrative examples of classical boundary conditions, demonstrating the appli-

cation of the analytical framework developed in this paper

14
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5.1 Clamped-clamped Boundary Condition

For a beam with clamped-clamped ends, deflection and slope are zero at the boundaries. Specifically,

at z = 0 and = = L, the boundary conditions are

0 0

*(0,t) =q¢"(L,t) =0, —q*(0,t) = —q*(L,t) =0 39
CO.0) =0 (L) =0, 20,0 = +-¢(L1) (39)
and, hence for the normal modes;
0 0
Zj(0,1) = Z(Lt) =0, =~ Z;(0,1) = = Z;(L,t) = 0 (40)
This implies that;
0 0
Zk(0,t) = Zp(L,t) =0, —Zp(0,t) = —Zk(L,t) =0 41
k(v) k(?) )axk(ﬂ) axk(a) ()
Appllying equation (40) to (25) yiled
Ny sinha; —sina; _ cos.aj — Aj‘cosh aj _ e
cosaj — Ajcosha; sina; + sinh a;
B =1 (42)
the frequency equation become
= cosajcosha; =1 (43)

The expressions for Ay, By, and Cj can be readily obtained by replacing j with &k in equations (42)
and (43). Subsequently, substituting these results into equations (34) and (37) yields the displacement
responses of a clamped-clamped non-uniform Rayleigh beam to moving distributed forces and masses,

respectively.

5.2 One End Clamped and One End Free Condition (Cantilever Beam)

In this illustrative example, we have free right-hand end, and clamped at the left hand end to be
consider. According, the boundary condition are:

2 3

* _ 0 * _ Y% _
q (Ovt) - axq (Ovt> =0 and axgq (L7t) Lat) =0 (44)

= oas? |

Therefore, we have; hand end to be consider. According, the boundary condition are:

0 0? 03
This implies that,
0 0? ok

Appllying (46) in (26) yield

15
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sin ag + sinh ay, cosh ay, + cos ax
= A = — = - = —Cj
cos aj + cosh ay, sin a;, — sinh ay,

Cp=—1 (47)

And the frequency equation for both end conditions is
cos ay coshay = —1 (48)

The expressions for A;, Bj, and C; can be readily obtained by replacing k with j in equations (47)
and (48). Subsequently, substituting these results into equations (34) and (37) yields the displacement
responses of a clamped-clamped non-uniform Rayleigh beam to moving distributed forces and masses,

respectively.

6 Discussion of Closed Form Solutions

For the undamped system, it is desirable to examine the phenomenon of resonance. From equation
(34), it is clear that the non-uniform Rayleigh beam under variable-magnitude accelerating force and

resting on non-uniform bi-parametric foundation reaches a state of resonance whenever
2 =0 (49)

and

91:0 or 92:0 (50)

7 Numerical Results and Discussion

To illustrate the foregoing analysis, a numerical investigation was conducted on a non-uniform Rayleigh
beam with a length (L) of 12.192 m, subjected to a load velocity (v) of 8.128m/s, and the Young’s
modulus material (E) of 2.109 x 10°N/m? and mass ratio ¢ = 0.5. A parametric study was per-
formed to examine the influence of rotatory inertia correction factor Ry and shear modulus Gg on the
beam’s displacement response, with Ry varying between 20kg/m? to 50kg/m? and Gy ranging from

10000kg/m? to 50000kg/m>.
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Fig. 1. A clamped-clamped non-uniform Rayleigh beam’s displacement response under distributed

forces for various values of rotatory inertia R, and fixed values of Sy, Go, and N.
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Fig. 2. A clamped-clamped non-uniform Rayleigh beam’s displacement response under distributed

forces for various values of shear modulus Gy and fixed values of Sy, Ro, and N.
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Fig. 3. A clamped-clamped non-uniform Rayleigh beam’s displacement response under distributed

masses for various values of rotatory inertia Ry and fixed values of Sy, Go, and N.

17



UNDER PEER REVI EW

Go=20000
e N Go=35000
— (0.00015 - = —Go=50000
E
= ooool |
]
Y 0.00005
E
E 0
£ -0.00005 7 15 $ 3 35
o Travelling time t(s) -
@ -0.0001
-0.00015

Fig. 4. A clamped-clamped non-uniform Rayleigh beam’s displacement response under distributed

masses for various values of shear modulus Gy and fixed values of Sy, Ry, and N.
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Fig. 5. A comparison between the deflection of moving distributed mass and moving distributed force

for non-uniform clamped-clamped Rayleigh beams.
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Fig. 6. A clamped-free non-uniform Rayleigh beam’s displacement response under distributed forces

for various values of rotatory inertia R, and fixed values of Sy, Go, and N.
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Fig. 7. A clamped-free non-uniform Rayleigh beam’s displacement response under distributed forces

for various values of shear modulus Gy and fixed values of Sy, Ry, and N.
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Fig. 8 . A clamped-free non-uniform Rayleigh beam’s displacement response under distributed masses

for various values of rotatory inertia Ry and fixed values of Sy, Go, and N.
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Fig. 9. A clamped-free non-uniform Rayleigh beam’s displacement response under distributed masses

for various values of shear modulus Gy and fixed values of Sy, Ry, and N.
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Fig. 10. A comparison between the deflection of moving distributed mass and moving distributed force

for non-uniform clamped-free Rayleigh beams.
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Fig. 11. Comparison of the displacement response of analytical solution and numerical solution of a

clamped-clamped non-uniform Rayleigh for fixed values Gy, N, Ro, and Sp.
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Seen in Fig 1, the figure shows that the response amplitude of the non-uniform clamped-clamped
Rayleigh beam under the action of moving distributed forces diminishes as the values of the rotatory
inertia Ry increase. Similar outcomes are observed in Fig 3, where moving distributed masses traverse
the same non-uniform clamped-clamped Rayleigh beam. For a fixed value of Rotatory inertia R,
foundation stiffness Sy, and axial force N and a various values of shear modulus (Gp), Fig 2 illustrates
the clamped-clamped non-uniform Rayleigh beam’s response to moving distributed forces. It is found
that the beam’s deflection decreases as the shear modulus rises. The deflection profile behaves similarly
when moving distributed masses traverse a non-uniform clamped-clamped Rayleigh beam, as seen in
Fig 4. Fig 5 shows the comparison of transverse displacement responses for non-uniform clamped-
clamped Rayleigh beams subjected to moving distributed forces and masses, where foundation stiffness
Sp, rotatory inertia Ry, shear modulus Gy and axial force N are fixed. The results demonstrate that
moving distributed forces generate larger response amplitudes than moving distributed masses. Fig 6
presents the deflection profile of a non-uniform clamped-free Rayleigh beam under moving distributed
forces for varying rotatory inertia Ry and fixed values of a foundation stiffness Sy, shear modulus
G and axial force N. The results demonstrate that increasing rotatory inertia values reduces beam
deflection. This trend is consistently observed in Fig 8, where moving distributed masses traverse
the same beam. For a fixed value of rotatory inertia Ry, foundation stiffness Sy, and axial force N
and a various values of shear modulus (Gy), Fig 7 illustrates the clamped-free non-uniform Rayleigh
beam’s response to moving distributed forces. It is found that the beam’s deflection decreases as
the shear modulus rises. The deflection profile behaves similarly when moving distributed masses
traverse a non-uniform clamped-free Rayleigh beam, as seen in Fig 9. Fig 10 shows the comparison
of transverse displacement responses for non-uniform clamped-clamped Rayleigh beams subjected to
moving distributed forces and masses, where foundation stiffness Sy, rotatory inertia Ry, shear modulus
Gy and axial force IV are fixed. The results demonstrate that moving distributed forces generate larger
response amplitudes than moving distributed masses. Figure 11 presents a comparative analysis
between numerical and approximate analytical solutions for the deflection response of a clamped-
clamped non-uniform Rayleigh beam resting on a bi-parametric foundation, subjected to a moving
distributed force and variable-magnitude accelerating mass. The remarkable similarity in amplitude
between the two profiles validates the effectiveness of the Runge-Kutta method in addressing this
complex dynamic problem. The comparative analysis of closed-form solutions for clamped-clamped
and clamped-free boundary conditions reveals that moving distributed forces induce resonance earlier
than moving distributed masses. This underscores the vital importance of accounting for both load
types in beam design to guarantee structural integrity, vibration control, and ultimately, enhanced
safety in bridges, resilience in buildings, and efficiency in industrial machinery.

Additionally, for both clamped-clamped and clamped-free boundary conditions, increasing the values

of rotatory inertia and shear modulus leads to a decrease in beam deflection. The reduction in
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beam deflection due to increased shear modulus of the foundation and rotatory inertia has significant
implications for structural design and vibration control. In bridge construction, stiffer foundations
and optimized beam design can ensure safer and more durable structures, while in high-rise buildings,
reduced deflections mitigate wind-induced vibrations. Similarly, machine foundations, wind turbines,
and offshore platforms benefit from improved stability and reduced vibrations. Furthermore, acrospace
engineers can enhance aircraft and spacecraft stability through optimized structural design. These
findings underscore the importance of considering shear modulus and rotatory inertia in engineering

design to minimize deflections, promote structural integrity, and enhance overall system performance.

8 Conclusion

This paper presents a solution approach for the dynamic behaviours of non-uniform Rayleigh beam
under variable-magnitude accelerating masses and resting on non-uniform bi-parametric foundation
with general oundary Conditions. The approximation procedure based on the generalized Galerkin
method. The non-uniform Rayleigh beam’s governing fourth-order differential equation with variable
and singular coefficients is given closed-form solutions. Considerable attention is paid to the impact of
relevant factors such the shear modulus and rotatory inertia correction factor. Plotted curve analysis
reveals that a decrease in the deflection of both clamped-clamped non-uniform Rayleigh beam and
the clamped-free non-uniform Rayleigh beam occurs with an increase in structural parameters. Bi-
parametric foundations, thus, guarantee the safety of accelerating loads of varying magnitude while

simultaneously reducing vibration.
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