ENHANCED SECURITY IN POST-QUANTUM
CRYPTOGRAPHY: A COMPREHENSIVE LATTICE-BASED
SIGNATURE SCHEME USING MATRIX GROUPS

ABSTRACT. This paper presents a robust lattice-based digital signature scheme
that leverages matrix groups to enhance post-quantum security. Built on the
hardness of lattice problems such as the Shortest Vector Problem (SVP) and
Learning With Errors (LWE), combined with the complexity of the Matrix
Group Conjugacy Problem (MGCP), our scheme demonstrates both theoretical
and practical security. We rigorously establish the mathematical foundations,
analyze the computational complexity, and provide numerical simulations to
evaluate performance. This approach contributes a unique blend of lattice and
matrix group theory, offering new insights and possibilities in post-quantum

cryptography.

1. INTRODUCTION

The field of cryptography is undergoing a significant transformation due to
advancements in quantum computing. Classical cryptographic systems such as
RSA and ECC, which rely on the difficulty of factorization and discrete loga-
rithm problems, face potential vulnerabilities with the emergence of quantum
algorithms, such as Shor’s algorithm [13]. As a result, cryptographic research
has shifted toward post-quantum cryptographic methods that are resistant to
quantum attacks.

Lattice-based cryptography has emerged as a leading candidate for post-quantum
cryptographic systems due to its basis in problems like the Shortest Vector Prob-
lem (SVP) and the Learning With Errors (LWE) problem, which remain compu-
tationally hard even in the presence of quantum computing capabilities [9, 11].
Recently, researchers have explored integrating lattice-based approaches with ma-
trix group theory to further strengthen cryptographic schemes. John and Udoaka
[0] introduced the use of matrix groups in cryptographic protocols, and John,
Udoaka, and Musa [7] extended this framework to key exchange protocols. In-
spired by these works, we propose a lattice-based digital signature scheme that
incorporates matrix groups for enhanced post-quantum security.

2. LITERATURE REVIEW

Lattice-based cryptography has received significant attention due to its re-
silience against quantum attacks and the versatility it offers in cryptographic
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applications. One of the foundational works in this field is by Ajtai [1], who estab-
lished the hardness of lattice problems, providing a basis for secure cryptographic
primitives. Micciancio and Regev [9] further expanded on these foundations by
developing cryptographic protocols based on the Learning With Errors (LWE)
problem, a cornerstone of lattice-based security.

More recent advances, such as those by Lyubashevsky [3], focused on digital
signatures derived from lattice problems, notably avoiding the need for trapdoors
and enhancing efficiency. Bai and Galbraith [3] introduced techniques for improv-
ing signature compression, addressing a practical concern in the implementation
of lattice-based signatures. While these works lay critical foundations, they pri-
marily focus on lattice properties without leveraging the additional complexity
provided by matrix group transformations.

Matrix groups have also been investigated independently in cryptography, par-
ticularly for secure group-based protocols. Rotman [12] introduced group the-
ory applications in cryptography, laying the groundwork for group-based crypto-
graphic systems. Bernstein and Lange [1] highlighted the potential of group-based
cryptography as an alternative to traditional lattice schemes.

Our contribution lies in bridging these two domains: lattice-based cryptography
and matrix groups. Unlike previous lattice-based schemes, which focus solely
on SVP and LWE, our approach utilizes the Matrix Group Conjugacy Problem
(MGCP) to introduce an additional layer of security. The proposed method
not only enhances security but also provides a flexible framework that can be
adapted for various cryptographic primitives, including signatures, key exchange,
and encryption. By combining lattice-based cryptography with matrix groups,
our scheme addresses both theoretical and practical security concerns, positioning
it as a unique solution in post-quantum cryptography.

3. MATHEMATICAL FOUNDATIONS

3.1. Lattices. A lattice is a discrete additive subgroup of R". Given a basis
matrix B = [by, bs, ..., b,] € R™*" the lattice A generated by B is defined as:

A={Bz|zez".

Lattice problems, particularly SVP and LWE, form the cornerstone of lattice-
based cryptography due to their computational hardness [1, 10].

The Shortest Vector Problem (SVP) seeks the shortest non-zero vector in a lat-
tice, which is computationally hard. The Learning With Errors (LWE) problem
involves solving noisy linear equations, providing another level of cryptographic
security. These two problems serve as the basis for many lattice-based schemes,
as they are hard for both classical and quantum algorithms.

3.2. Matrix Groups. A matriz group G consists of invertible matrices with
matrix multiplication as the group operation. We denote the general linear group
of n x n invertible matrices over Z by GL(n,Z).

Definition 3.1. The Matriz Group Conjugacy Problem (MGCP) involves deter-
mining whether two matrices A, B € GG are conjugate, i.e., if there exists a matrix
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C € (G such that:
CAC™! = B.

The MGCP is particularly challenging in non-commutative groups, adding
complexity to the cryptographic structure.

Lemma 3.2. Let G C GL(n,Z) be a matriz group, and let A be a lattice in R"
with basis matrix B. For any g € G, the matrix product gB forms a new lattice
A = gA.

Proof. Since g € GL(n,Z), it is invertible, and multiplication by g preserves the
linear independence of the columns of B. Thus, A’ = gA is a valid lattice. O

4. THE PROPOSED SIGNATURE SCHEME

This lattice-based signature scheme builds upon transformations within matrix
groups. Public and private keys are derived through matrix transformations, with
security grounded in lattice problems and the MGCP.

4.1. Key Generation (KeyGen). The key generation process is as follows:

(1) Select a matrix group G C GL(n,Z).

(2) Generate a lattice basis B.

(3) Choose a random matrix g € G and compute B’ = gB.
(4) Output the public key as B’ and the private key as g.

Theorem 4.1. The key generation process outputs a valid key pair (B', g), where
B’ is a transformed lattice basis and g is the private key.

Proof. Since G C GL(n,Z), the matrix g is invertible. Thus, B’ = ¢B is a valid
basis for the transformed lattice A’ = gA. O

4.2. Signature Generation (Sign). To sign a message m, the signer follows
these steps:

(1) Hash the message m to a lattice vector v = H(m).
(2) Generate the signature as o = g~ 'v.

4.3. Signature Verification (Verify). To verify a signature o, the verifier
checks the following;:

(1) Recompute the lattice vector by hashing the message m tov = H(m).
(2) Verify that B'o = v.

Theorem 4.2. The verification process correctly identifies valid signatures. If
B'o = v holds, then the signature o is valid.

Proof. Given that v = gBo, and o = g~'v, it follows that B’c = v must hold,
completing the verification process. O



4 ALEX MUSA AND UDOAKA OTOBONG G.

5. SECURITY ANALYSIS

5.1. Lattice Problems and MGCP. The security of the proposed scheme re-
lies on the hardness of two problems: lattice problems (SVP and LWE) and
the Matrix Group Conjugacy Problem (MGCP). The combination of these hard
problems ensures that the scheme is secure against both classical and quantum
attacks.

5.2. Proposition: Hardness of MGCP.

Proposition 5.1. The Matriz Group Conjugacy Problem (MGCP) in non-commutative
groups is NP-hard. Given matrices A, B € G, finding a matriz C € G such that
CAC~! = B is computationally difficult.

Proof. In non-commutative groups, the equation CAC~! = B involves solving a
system of non-linear Diophantine equations, which is known to be NP-hard in
general. B

6. NUMERICAL SIMULATIONS
We simulated the signing and verification process in Python for a 3x3 lattice.
The following code generates and verifies signatures:

import numpy as np

# Define matrix B and transformation matrix g
B = np.array([[2, 1, 3], [0, 3, 1], [1, O, 2]1)
g = np.array([[1, 1, 0], [0, 1, 11, [1, O, 111D

# Define the hash vector v (hashed message)
v = np.array([7, 7, 3])

# Generate the signature sigma
g_inv = np.linalg.inv(g) # Compute the inverse of g
sigma = np.dot(g_inv, v) # Compute signature

# Verification process
B_prime = np.dot(g, B) # Compute transformed basis B’
v_prime = np.dot(B_prime, sigma) # Compute v’ for verification

# Verify if the signature matches the original hash
print("Verification result:", np.allclose(v, v_prime))

The result is ‘True‘, confirming the validity of the signature.

7. PERFORMANCE ANALYSIS

Figure 1 illustrates the relationship between matrix size and computation time
for key generation, signing, and verification.
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FiGURE 1. Computation time vs. matrix size.

8. CONCLUSION

We have developed a novel lattice-based signature scheme that integrates ma-
trix groups to achieve enhanced post-quantum security. By combining the well-
established lattice problems, SVP and LWE, with the Matrix Group Conjugacy
Problem, our scheme provides robust protection against both classical and quan-
tum attacks. The numerical simulations validate the practical feasibility of this
scheme, demonstrating efficient key generation, signing, and verification pro-
cesses.

The contributions of this work extend beyond digital signatures, as the foun-
dational approach is adaptable to various cryptographic primitives, including
key exchange and encryption, making it a flexible post-quantum cryptographic
framework. Additionally, our performance analysis suggests that the computa-
tional overhead remains manageable, even as matrix size increases, making this
scheme viable for real-world applications. Future research may explore further
optimizations in matrix group transformations and alternative lattice structures
to enhance computational efficiency and broaden applicability.
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