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CONVECTION-DIFFUSION EQUATION IN UNIFORMLY LOCAL
LEBESGUE SPACES

ABSTRACT. In this paper we establish the local existence and uniqueness of the mild
solution of the Cauchy problem for convection—diffusion equation in the n-dimensional
Euclidean space with initial data in uniformly local function spaces L7, . (R™). For the

uloc,p
proof, we use the L%, H(R™)- L. ,(R") estimate for the convolution operators obtained

by Maekawa and Terasawa [18], and the Banach fixed point theorem.

1. INTRODUCTION

We consider the Cauchy problem for the convection—diffusion equation in R™. For
a € R"\ {0} and p > 1,

Ou— Au=a-V(uftu), t>0,ze€R",
u(0, ) = up(x), r eR",

(1.1)

where u = u(t,z); Ry x R” — R is an unknown function, and uy = ug(z); R" — R is the
initial condition.

Our main purpose here is to solve (1.1) and show the well-posedness for initial data
which may not decay at space infinity but not necessarily be locally bounded.

Escobedo and Zuazua [7] showed that, for any initial data vy € L'(R"), there exists a
unique global classical solution u € C([0,00); L'(R™)) of (1.1) with

u € C((0, 00); WH4(R™)) N C*((0, 00); LU(R™)), (1.2)

for any ¢ € (1,00). They also described the large-time behavior of solutions to (1.1) and
showed decay properties when the initial data is in L*(R™).

Problem (1.1) has been considered by many authors (see, e.g., [1], [5], [6], [7], [8], [9],
[10], [11], [12], [17], [21], [22]).

On the other hand, in [2], [3], [4], [15], [16], [18] and [19], the authors make use of
spaces of functions which have the property that their elements have some uniform size
when it is measured in balls of fixed radius but arbitrary center. These spaces are called
as uniformly local spaces. These spaces are natural and useful for finding the solutions
of parabolic equations in unbounded domains with non-decaying initial functions. The
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spaces enjoy suitable inclusion properties and have locally compact embeddings and be-
sides any constant functions belong to them. In particular, the definition of uniformly
local Lebesgue space is very simple and it obviously contains some functions which may
have singularities and may not decay at space infinity. Moreover, the convergences of
mild solutions to initial data when time goes to zero are relatively simple. Maekawa and
Terasawa [18] constructed mild solution of Navier-Stokes equations with initial data in
uniformly local Lebesgue spaces and they established the Ly, . (R")-L{) . (R") estimates
for convolution kernels including e*®, Ve!® and e'*PV. The existence and uniqueness of
weak solutions of (1.1) was shown Haque-Ogawa—Sato [14] with initial data in uniformly
local function spaces Ly, ,(€2). To this end, they introduced the solution obtained by the
semigroup method in BUC(S?), bounded uniformly continuous functions. In this paper,
we extend the result included in [14] into uniformly local Lebesgue space.

Definition (Uniformly local Lebesgue spaces). Let 1 < r < oo and p > 0. The uniformly
(R™), is defined by

LLlocp OO}’
1
swp ([ Iy ) o 1<r <
L — z€R™ Bp($) (1'3)

uloc,p
sup sup [f(y)l, r=oo.
z€R™ ye B, (x)

local Lebesgue spaces on R™ denoted by L

uloc,p

uloc p(Rn) {f S Llloc(Rn) Hf|

where for p > 0

/]

Here we identify Lg5,. (R") as L>(R"). The space Lj
the norm defined in (1.3). We define the subspace L7,
of bounded uniformly continuous functions BUC(R") in the space L

noc,p(R™) is a Banach space with

") as the closure of the space
R™), i.e

uloc p(

uloc p(

Rn) — W”‘”Lclomp

uloc p(
and define L3, (R") = BUC(R").

To solve (1.1) we convert the equations to the integral equation of the form

u(t) = e®ug + /0 a- Ve(t_s)A(]u(s)|p_1u(s))ds. (1.4)

tA

Here e"“uyq is the heat semigroup. The solution of the integral equation (1.4) is called

the mild solution of (1.1) with initial data ug. The precise meaning of each term and the
fact that they are well defined follows from the Ly, . (R"™)-L{
convolution type operators obtained in [3] and [18].

(R™) type estimates of

We state our main result for the existence of a mild solution to (1.1) in uniformly local
Lebesgue spaces.
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Theorem 1.1 (Existence and uniqueness). Let p > 1 and 1 < r < oo with

r>n(p—1) if p>1+%,

r>1 if p=1+=, (1.5)
r>1 if 1<p<l+2i.
Then, for any uy € Eulocp( "), there ezist a positive T, depending only on n, p,  and

HUOHLﬁlocp and a unique mild solution u € L*(0,T; Ly, ,(R")) N C((0,T); L, ,(R™)) of
(1.1).
Theorem 1.2 (Convergence to initial data). Assume the same conditions as in The-

orem 1.1. Let v € L>(0,T;L
uy € Ly ,(R"). Then we have

lim ||w(t) — ugl|zr = 0. (1.6)

t—0 uloc,p

tocp(R™)) be a unique mild solution with initial data

This paper is organized as follows. In section 2, we will state some properties of
(R™)-L%, . (R™) type estimates

uniformly local spaces. In section 3, we will state L? aloc.p

uloc,p
of convolution operators with integrable functions satisfying some conditions. By using
these estimates, we will construct mild solutions of (1.1). In section 4, we will prove our

main Theorem 1.1 and Theorem 1.2 using the estimates that stated in section 3.

2. UNIFORMLY LOCAL SPACES AND THEIR PROPERTIES

In this section, we state several properties of the function spaces Ly, ,(R") and L7, ,(R
When p = 1, we abbreviate the notation such as Ly . (R") := L}, (R") and L], . (R") :=

r

(R™). The inclusion relations for L7, . (R™) spaces are as follows.

uloc,1 uloc,p
Proposition 2.1. (1) For any py, p2 > 0, we have Ly, , (R") = Ly, ., (R™) with equiv-
alents norm.
(2) For any 1 <p <q<oc and p >0, we have L}, (R") C L}, . (R").

(3) Let 1 <r < o0 and p > 0, we have L"(R™) C L. (R™), L*(R") C L7 ., (R").

Proof of Proposition 2.1. The inclusions (1), (2) and (3) of the Proposition 2.1 follow
from the Holder inequality, we omit the detail. a

uloc,p uloc,p

Proposition 2.2. The class of compact supported smooth functions; C§°(R™) and L (R™)
R™).

Proof of Proposition 2.2. We know that 1 € Ly, ,(R"). Let f € Cg°(R"). We may
assume that there exist Ry > 0 such that supp f C Bg,(0). Then

1
I =1, = sup ( / ) — 1|Tdy>
z€R™ By(x)
1
</ !f(y)—wdy>.
By(x))

3

are not dense in L.

v

")-
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Take o € R"™ such that |zg| > Rf + p. Then f(y) = 0 on B,(zo).

Now
1
I =, > ( / my)
By (z0)

=[By(m0)| = |B,(0)].
This holds for any f € C{°(R™). Hence for all f € C§°(R"™) can not approximates
1 € Ly, ,(R™). This stands that Cg°(R") is not dense in L'{"ﬂoc LR
Let f € C3°(R"™) be a function such that supp f C Bi(0), [, |f|"de =1 and f > 0.
Choose any countable points {x,,},, > 1 such that Bi(x,,) N Bi(x,) = 0. Set f.(x) =
mr f(m(x — ,,)). Then supp f,, C B (). So if we set

. m(x), for z € Bi(x,,),
f(x):{f() € Bi(em)

0, otherwise,

then we have

£z

uloc

&) = Sup || fl (8 o) = 1

Let ¢ > r. For any g € L7, .(R"), we have ||f — g||L7..(R") > 1. Indeed,

uloc

1F=gller. @ = 1 fm = 9l Br@n) = 1fim — gl B (m))
2 (1l (B 4 @m) \|9\|Lr(81<wm>)| >1—|Bi(zn N Dlglle e
C
> 1= ——— gl @y =1 as m— oo
mn<r q) c

This implies that f does not belong to Uy, L! (R")LGM(RH). Therefore, we have that the

uloc
subset Uy~ L% (R™) is not dense in L, .(R") and implies that L>°(R") is not dense in
LT

noc(R™). Hence the space L®(R") not dense in Ly, (R"). |

We have the following characterizations of L], R™). These characterizations are ob-

tained in [3] and [18].

uloc p(

Proposition 2.3. For any p > 0, the following three properties are equivalent:
( ) f € ‘auloc p( )
(2) limyy o [1F(-+9) = fC)llz:

uloc,p
(3) timysor [l f = fllzr,,, @) =0.

&) = 0.

For the proof see [18].

3. MILD SOLUTIONS IN UNIFORMLY LOCAL SPACES

In this section, we will give mild solutions, i.e., solutions of the integral equations for
the convection—diffusions equation (1.1). And we will also state the key estimates for the

convolution operators e'® and Ve!® which are obtained in [3] and [18].
4
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Definition (Mild solutions). Let p > 1 and T' > 0. The function u € L*(0, T; L, ,(R"))
is called a mild solution of the convection—diffusion equations (1.1) on (0,7") x R™ if there

exist ug € L7 . ,(R™) such that

uloc,p

u(t) = e®uq +/0 a- Ve(t_s)A(\u(s)|p_1u(s))ds (3.1)
holds in C((0, T); £y, (™).

The following theorem is obtained in [18].

Theorem 3.1. Let 1 < g < p < oo and Gy is the heat kernel in R™. We set Gy(x) =

t’EGl( =) for t > 0. Then, for any function f € Lulocp(R"), we can define pointwise

Gix f(z)= | Gilx —y)f(y)dy.

R’VL
Furthermore, we have the estimate

CillGilln@y | CollGiller@n)
( v 100

”(l—l t%(%—%)

p q P

where r is the number satisfying % = %—i—%—l, and Cy, Cy are positive constants depending

1Ge* fllze

uloc,p

®) < (3.2)

only on n.

For the proof see [18].
(R™)-Ly

uloc,p(R™) estimates for the linear and

From Theorem 3.1, we can establish L?, »

nonlinear term in the integral equation (3.1).

Corollary 3.2 (I”

uloc,p

(R™)-L3

uloc,p

(R™) estimates). Let 1 < g < p < oo. Then for any

fely,. R"), we have
Ch Cy
16l 500 < (35 + gy )W oo 33)
p e P t2 q p
Cs Cy
n < ’rL c4
1962 1o < (oo + gy Wb 340

holds. Here C1,C3 are positive constants depending only on n and Cs, Cy are positive
constants depending only on n, p and q.

For the proof see [18].

Remark: The L. (R")-Lj,,. (R") estimates for heat semigroup are also obtained in
[3]. When p = ¢ = oo, the estimate is obtained in [13].

4. PROOF OF THEOREM

Proof of Theorem 1.1. For M > 0,7 >0 and 1 <r < oo, we let

X = L=(0,T; Lijge ,(R")) N Li5.(0, T Ly ,(R™))
5

uloc p(
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Xy = {u € X : sup |lu(t)|ry, @wy <M and sup t%||u(t)HLplr ®n) < M},
0<t<T ’ 0<t<T weer

where a = % < }D < 1 and M and T are constants depending on ||uo]

L (Rn), Ty P

uloc,p

and n, determined later. X, 7, is a complete metric space with the metric; for any v and
v e Xy,

Ay, (0, 0) = JJu = vllxyp, = sup 82 [Ju(t) = 0(t)l|1ry  @ny.
0<t<T ’
Then we consider a map
S Xy — Xy by
t
lu](t) = e ug + / a- Ve(t’S)A(|u(s)|p’1u(s))ds, Uy € Ly ,(R™), (4.1)
0

and show that ® is a contraction mapping from X,; 7, onto itself. This implies an

existence of the fixed point for the map ® on X7, and it becomes a solution to
the coreesponding integral equation (3.1) has a unique fixed point and it becomes an
L7, (R™)-mild solution.

uloc,p
For any u € Xy, we will estimate || ®[u](¢)]|zr,  (&n) and t2||®u] (t)HLz;(DC’p(Rn). By
taking Ly, ,(R")-Ly,. ,(R") estimate, we obtain
C C
Bouollr @ < ! 2 _
lle UOHLUIOCW(R ) S (p"(ii) + EI-D) ||U0||Luloc’p(]R ) (4.2)
— OHUOHLzloc,p(R")’
and
t—s)A -1
||Ve( ) (|u(3)’1’ u(S))‘ Lo (E)
CS CV4: —1
< p T n
- ((t mp syscm;) Il P )l ey (43
1
= Cl(t — 8) 2 Hu(s)”iﬁgc’p([@n).
Then, we obtain
t
(t—s)A -1
|a|/0 HVe (]u(s)|1” u(s))’ Lﬁloc,p(R")ds
t
1
<O [t 9 oy s
0 ’ (4.4)

t
<C'( sup tult)lg, )’ [ (-9 b Fds
o<t<T ’ 0

1_pa 1 pa
< C'MPt2 2 B(5,1— ).
] 2 2
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1 The integral and 2= is bounded if and only if 1 — ¥ > 0 and % — B >0, that is,

2 r>n(p—1). Thus if these conditions are satisfied, we have
1_pa 1 pa
||CI)[U] (t)||LGIOC,p(Rn) S CHUOHLTAoc,p(Rn) -+ O/MPTQ p2 ﬁ( 5, 1-— 7 ) (45)

3 Next we estimate ¢2 ||®[u](t)|| o (R™) estimate and

uloc,p

(rmy- By taking LV (R")-L;

uloc,p uloc,p

4 choose p > t%, we obtain

a o Cl 02

t?HGtAuOHLﬁTM,p(R")3“( i * “(1—1>)||u°”Lﬁloc,p<R">
IO r T t2\r pr (46)

< t2t” 2 fuollzy,, @ = Clluollzy,, ,&n):

5 and
t—s)A -1
||V6( s) (|u(s)]7’ u(s))HLﬁfoc,p(R")
03 CV4 ) -1

< + - u(s)[Pu(s)|| L n 4.7
((t—s)%pncﬁr (t— )36 m)ta el e e 4)

_1l_a
= C/<t - 8) 2 2 ||u<5)||iﬁ;‘oc,p(Rn)'

6 Then, we obtain

t
lal tg/o [Vel22 (Ju(s) [ u(s)) || o ey

uloc,p

t
gaﬁA@—g%3m@mmamw

uloc,p

t
< C’t%( sup tgHU(t)”Lﬁfocp(R"))p/ (t—s)_%—%s_%ds
0<t<T ‘ 0

« 1« P

<O'MPEEE (= — =, 1 — ).

= TGl
(4.8)
7 The integral and t2=% is bounded if and only if % —5>0,1-5 >0and % - B >0,

8 that is, @ < 1 and r > n(p — 1). Thus if these conditions are satisfied, we have
a 1pa 1« pa

L)l ry, ) < Clulliy,, @) + C'MPTEEH( 5 = 5 1= 25 ). (4.9)

o We next consider the condition in which ® is contraction. Let ug, vo € Ly, ,(R"). For

10 any u, v € Xpyr, and ¢t € (0,7), we have

t2{|@[u] () = [0] () ]2y

uloc,p

t
+M54HV&@NM$V%®—W@P%@MW\ww&

uloc,p
7

®) < t2 e (up — vo)|| por

uloc,p

(&™)
(4.10)
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1 By taking L) . (R")-

uloc,p

t2]|ePug — e o

L’!’

wloc p(R”) estimate and choose p > t%, we obtain

C C
5 + ey ) luo — vl @
pn( ) uloc,p

1
T p’!‘) t? r  pr

S]]

t

IN

ulocp(]})‘n)
4'11
<Ct2t 2HUO_UOHL’I‘ ( )

- uloc,p

(R™)

||U,0 — UOHLCloc p(Rn).

2 Again, by taking L7} . (R")-Ly,,. ,(R") estimate, choose p > (t — s)2 and then applying
3 the Holder inequality, we obtain
HVe“-M(ru(s)P-lu(s) ) e

<(; )
B t—s 2p r plr) (t - 8)%(%_1)%)—"_% Lﬁloc,p(Rn)
< + C
T\ (t—s)2p" ?_ﬁ) (t — s)%(%_p%H%

H (pmasc{Ju(s) P, ()P Hu(s) — o(5)])

LGlocp(Rn)
C C
S ( 1 ° n(, 1) + n(41_1)+1)
(t_s)i(t_s)Zr pr (t_s)Qr pr 2
H (pmax{fu(s)P, [o(s)P Hus) — o(9)])
Lrl p(Rn)

_1_«a _

< Ot =) 7272 Juls) = v(s)lleer e || max{]u(s) P o(s) [P 1}H &
ulocp

_1_«a _

< C'(t—s)72 2 fuls) —v(s)llezr (I ul(s)l” 1||qu + | fv(s)[” 1||L;'11 )
uloc,p uloc,p

_1_«a —

= C'(t—s)"27 % ||u(s) — v(s) Lﬁfocp(nu(sngﬁicﬁ v(s) I p).
(4.12)

4 Hence we have

sup ¢3|[u](t) — Bl

te(0,T)

< Cllug —wollzz,,.

S CHUO o UOHL;ZOC

J@O)llzzy

uloc,p

(R™)

t
+CM sup £ ult) = o0z, guey [ (8- 9)EEs7 30 Vs
“r 0

t€(0,7) uloc.p

« o 1 o
LHCMPEE sup tfult) = o)z, e Bl 5 — 51— T

te(0,T) woc,p

8
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1 The integral and 2% is bounded if and only if % -5>0,1- @ > (0 and %— B >0,

2 that is, @ < 1 and r > n(p — 1). Thus if these conditions are satisfied, we have

sup 2 || @[u](t) — @[v](t)] 12y

te(0,T) o ()
—1,l_op a
< Cllug — U()HLZZOCP + C'MPt2 3 sup t2||u(t) — U(t)HLﬁ;'OC (R")
’ te(0,T) s
_ 1_oap a
< COllug — UOHLZLOCP + C'MPITE Y sup t2 ||u(t) — v()|lzrr (@)
’ te(0,T) s
(4.14)

Setting ug = vy, we obtain
dxyy.r, (B[], ®[0]) < CMPTT2 Py, 1, (u,0).

It follows from the above estimates that if T is small enough then the map & is contraction
from Xy 7, onto Xy 1, and by virtue of the Banach fixed piont theorem, there exist a
unique fixed point of ® in X,;7,. By the definition, this fixed point satisfies the integral
equation (3.1) and besides, u(t) — ug as t — 0 by Theorem 1.2. Hence w is the L, . (R")-

uloc,p

N o o &~ W

mild solution to (1.1). This shows the existence of solution.

Next we show the uniqueness of the mild solution in Ly, (R").

Let uy, ug € L>(0,T; LT),.,(R™)) be two mild solutions with initial data uy € L7 . (R™).

uloc,p uloc,p

Then by (4.14), for any 0 < t < 7" < T, we obtain

sup 2 ||ug(t) — ua(t)]| por

(R™)
te(0,17) uloe,p

<OMPTTEF sup 15 |lua(t) — ua(t) |

(Rn) .
te(0,17) uloc,p

8 Thus, for sufficently small 7" > 0 it follows that u; = us in 0 < ¢t < T". Repeating this

9 argument, we see that uy =us in 0 <t <T.

We will show u € C((0,T); Ly, ,(R")). Let 0 <t <t+h < T. Since

u(t) = e®ug — /0 a- Ve(t_s)A(|u(s)|p_1u(s))ds,

10 we have
[ut +h) = w() |z @n)

SHG(H_}L)AUO . €tAu0HLPT

uloc,p

| [ v s - [ o et utsptucs)as

LPT (Rn)

uloc,p

(4.15)

From Corollary 3.2 we know that e®uy € LF] _ (R") for any ¢ > 0. Therefore, by

uloc,p

Proposition 2.3
||€(t+h)AuO hAetAu

— etAuOHLﬁ{'OC’p(Rn) = |le 0— etAUOHLﬁﬁ)C’p(R") —0ash—0.

9
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1 Next,

t+h ¢
/0 a-Ve(t+h_s)A(|u(s)|p_1u(s))ds - /o a- Ve(t_S)A(|u(s)|p_1u(s))ds

L (@)

uloc,p

¢
< |a|/ ||V6(t+h_s)A(|u(s)]p_1u(s)) — Ve(t_s)A(|u(s)]p_1 )HLPT (Rn)ds
0

uloc,p

t+h
+|a|/ [V =2 (u(s) P uls)) || o s = T+ Lo
t

uloc,p

(4.16)
Again, from Corollary 3.2 we know that Ve 92 (ju(s)[""'u(s)) € LI (R") for 0 <
s < t, therefore, we have from Proposition 2.3
h—s)A -1 —s)A -1
| Ve =22 (Ju(s) P~ u(s)) — Vel 2 (Ju(s)[P u HLﬁfoc @y — 0ash—0,

2 for0<s <t

On the other hand, by taking L} . (R")-L"

noco(R") estimate, we obtain

uloc p(

|92 (fu(s)Pu(s) = e (uls) P us) | ooy

uloc,p

Cg CY4
S(( o T "(1—1)+;) ”u(s)Hiﬁfoc,p(R”)
C C
? + n(41

th—s)zp"To) (L4 h—s)
p
+ ((t - S)%pn(%ip%) (t —_ S) r p'r)+;) ||U(8)||Lﬁ;‘oc,p(Rn)

03 04
<2 b
- ((t o (o s)"<r—;r>+2>|’”<S)”Lﬁm,p<w>

Hence, by the Lebesgue convergence theorem, we have I; — 0 as h — 0.

t+h C C
Ls [ ( s i )u<>u "
¢ (t+h—s)2p5(?_zﬂ% (t+h—s)2t A Fatoc,p (B")

SC(h%p—%(%—Flr) + R 5G) Oiltlf l|lu(t )HLW @) 0ash—0.

3 This implies that v € C((0,7); L

noc.p(R™)). This completes the proof of Theorem 1.1.
4 O

5 We consider the convergence of mild solutions to initial data as t goes to zero. The

6 characterization of L R™) in Proposition 2.3 is essentially used. We will show that if

uloc p(

7 ug belongs to L7 ") then u(t) converges to ug in L’

noc,p (R (R™)-norm as t goes to zero.

uloc,p

8 Proof of Theorem 1.2. From (4.4) it is easy to check that
t

' / a-Ve(t_S)A(|u(s)|p_1u(s))d8
0

<Ct

L. (R (4.17)

uloc,p

_bx
2

N|=

—0ast—0.

"), we have from (4.17) and Propositin 2.3,
10

9 For any uy € L7, p(
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[1]

] — T n < 1 tA — T ny — .
li [Ju(t) = wol|zy,, ,@ny < lim{leuo —wuollzy,,, @n) =0

t uloc,p uloc,p

REFERENCES

J. Aguirre, M. Escobedo, E. Zuazua, Self-similar solutions of a convection diffusion equation and
related elliptic problems, Comm. Partial Differential Equations, 15 (1990), 139-157.
J. M. Arrieta, J. W. Cholewa, T. Dlotko, A. Rodriguez-Bernal, Dissipative parabolic equations in
locally uniform spaces , Math. Nachr., 280 (2007), 1643 —1663.
J. M. Arrieta, J. W. Cholewa, T. Dlotko, A. Rodriguez-Bernal, Linear parabolic equations in locally
uniform spaces, Math. Models Methods Appl. Sci., 14 (2004), 253-293.
J. W. Cholewa, A. Rodriguez-Bernal, Extremal equilibria for dissipative parabolic equations in
locally uniform spaces, Math. Models Methods Appl. Sci., 19 (2009), 1995-2037.
G. Duro, E. Zuazua, Large time behavior for convection-diffusion equations in RY with periodic
coefficients , J. Differential Equations, 167 (2000), 275-315.
G. Duro, E. Zuazua, Large time behavior for convection-diffusion equations in RN with asymptoti-
cally constant diffusion, Comm. Partial Differential Equations, 24 (1999),1283 —1340.
M. Escobedo, E. Zuazua, Large time behavior for convection-diffusion equations in RY, J. Funct.
Anal.,; 100 (1991), 119-161.
M. Escobedo, E. Zuazua, Long-time behavior for a convection-diffusion equation in higher dimen-
sions, STAM J. Math. Anal. 28 (1997), 570-594.
M. Escobedo, J. L. Véazquez, E. Zuazua, Entropy solutions for diffusion-convection equations with
partial diffusivity, Trans. Amer. Math. Soc., 343 (1994), 829-842.
M. Escobedo, J. L. Vazquez, E. Zuazua, Asymptotic behaviour and source-type solutions for a
diffusion-convection equation, Arch. Rational Mech. Anal., 124 (1993), 43-65.
M. Escobedo, J. L. Vazquez, E. Zuazua, A diffusion-convection equation in several space dimensions,
Indiana Univ. Math. J., 42 (1993), 1413-1440.
R. E. Grundy, Asymptotic solutions of a model nonlinear convective diffusion equation, IMA J.
Appl. Math. 31 (1983), 121-137.
Y. Giga, K. Inui, S. Matsui, On the Cauchy problem for the Navier-Stokes equations with nonde-
caying initial data, Advances in fluid dynamics 4, Quad. Mat., Dept. Math., Seconda Univ. Napoli,
Caserta,(1999) 27-68.
M. R. Haque, T. Ogawa, R. Sato, Existence of weak solutions to a convection—diffusion equation in
a uniformly local Lebesgue space, Commun. Pure Appl. Anal., 19 (2020), 677-697.
K. Ishige, R. Sato, Heat equation with a nonlinear boundary condition and uniformly local L" spaces,
Discrete Contin. Dyn. Syst., 36 (2016), 2627-2652.
T. Kato, The Cauchy problem for quasi-linear symmetric hyperbolic systems, Arch. Rat. Mech.
Anal., 58 (1975), 181-205.
G. F. Lu, H. M. Yin, Sourc-type solutions of heat euations with convection in several variables space,
Sci China Math, 56 (2011), 1145-1173.
Y. Maekawa, Y. Terasawa, The Navier-Stokes equations with initial data in uniformly local LP
spaces, Differential Integral Equations, 19 (2006), 369-400.
J. Matos, P. Souplet, Instantaneous smoothing estimates for the Hermite semigroup in uniformly
local spaces and related nonlinear equations, Houston J. Math., 3 (2004), 879-890.
T. Ogawa, Nonlinear Evolutionary Partial Differential Equations, -Method of Real and Harmonic
Analysis, Springer-Verlag, to appear.
E. Zuazua, A dynamical system approach to the self similar large time behavior in scalar convection-
diffusion equations, J. Differential Equations, 108 (1994), 1-35.
E. Zuazua, Weakly nonlinear large time behavior for scalar convection-diffusion equations, Differen-
tial Integral Equations, 6 (1993), 1481-1492.

11



UNDER PEER REVI EW

12



