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Abstract 

In this paper, we study the homogeneous Liouville fractional differential 
equations with constant coefficients. The solutions interms of Mittag-Leffler 
of homogeneous Liouville fractional differential equations with constant coeffi- 
cients are obtained by Sumudu transform method(STM). The results obtained 
by STM are illustrated by examples. 

 

Subject Classification:  44A15,44A99. 
Keywords: Sumudu transform, Mittag-Leffler functions, Wright functions, Frac- 
tional differential equations. 

 

 

1 Introduction 

Many problems in physics, engineering and biology etc. are modeled via 
fractional differential equations such as diffusion, signal processing, electrochem- 
istry, viscoelasticity [24, 27]. In literature numerous methods are available to solve 
fractional differential equations like power series method,iterative method, adomain 
decomposition method, transform method, monotone method etc.[1, 7, 9, 15, 18, 21, 
26, 28]. Integral transform methods such as Fourier, Laplace, Mellin, and Hankel 
etc.were extensively used to study fractional differential equations [5, 6, 14, 16, 25]. 
In 1993, Watagulla [30, 31] introduced Sumudu transform and applied it to solve 
ordinary differential equations in control engineering problems. The complex in- 
version formula for Sumudu transform was proved by Weerakoon [28, 29] in 1994 
and applied it to solve partial differential equations. Asiru studied the properties of 
Sumudu transform [1, 2, 3] and solved integral equations of convolution type [4] and 
discrete dynamical system [9]. Belgacem et al.[8] also established the properties of 
Sumudu transform. Kilicman et al [19, 20] successfully applied Sumudu transform 
method to solve system of differential equations. 

Kataetbeh and Belgacem [22, 24] obtained formulae for Sumudu transform of 
fractional derivatives such as Riemann-Liouville , Caputo and Miller-Ross using 
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Laplace- Sumudu duality property and obtained solutions of fractional differential 
equations. Bulut, Demiray and Tuluce [10, 11, 12, 13, 17] have studied heat equa- 
tions and wave equations by Sumudu transform method. In this paper we apply 
Sumudu transform method to obtain explicit solution of homogeneous fractional 
differential equations with constant coefficients. We also illustrate the STM by 
examples. sectionPreliminary Results, Notations and Terminology 

 
In this section we give definitions and some basic results which are used in the 

next section. 

 
Definition 1.1 [24] A real function f (t), t ≥ 0 is said to be in space Cµ, µ ∈  R if 
there exists a real number n(> µ), such that f (t) = tnf1(t), where f1(t) ∈  C[0, ∞), 
and is said to be in space Ck if and only if f (k) ∈  Cµ, k ∈  N. 

 

Definition 1.2 [21] The Liouville fractional integrals Iα f of order α on the half- 

axis R+ is defined as 

 
α 

 

  1   
∫ x   f (t)dt  

(I0+f )(x) = 
Γ(α) (x − t)1−α , (x > 0; ঩(α) > 0). (1.1) 

 

Definition 1.3 [21] The Liouville fractional derivative Dα y of a function y(t) of 

order α on the half-axis R+ is given by 

  
d
  n 

 
 

 
n−α 

 

 1 
  

d
  n ∫ x  y(t)dt  

= 
Γ(n − α) dx (x − t)α−n+1 

, (1.2) 

with n = [঩(α)] + 1; ঩(α) ≥ 0; x > 0. 

 
Definition 1.4 [18] One parameter Mittag-Leffler function is denoted by Eα(z) and 
is defined as 

∞ k 

E (z) = 
 z 

, α ∈  C, Re(α) > 0. (1.3) 
α Γ(αk + 1) 

k=0 

 
Definition 1.5 [4] A two-parameter Mittag-Leffler function denoted by Eα, β(z) and 
is defined as, 

∞ k 

Eα, β 
(z) = 

 z 
, α > 0, β > 0. (1.4) 

Γ(αk + β) 
k=0 

0+ (D 
α 
0+ y)(t) = ((I y)(x)) 

0 

天下无敌 

2024-02-16 12:08:38 

-------------------------------------------- 

something is wrong 

天下无敌 

2024-02-16 12:09:50 

-------------------------------------------- 

What is R(\alpha) 

天下无敌 

2024-02-16 12:10:30 

-------------------------------------------- 

Maybe "," should be deleted. 
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Definition 1.6 [30] Consider a set A defined as 

|t| 

A = {f (t)| ∃  M, τ1, τ2 > 0, |f (t)| ≤ Meτj if t ∈  (−1)j × [0, ∞)}. (1.5) 

For all real t ≥ 0, the Sumudu transform of a function f (t) ∈  A, denoted by 
S[f (t)] = F (u), is defined as 

S[f (t)](u) = F (u) = 
∞ 

e−t 

0 
f (ut)dt,  u ∈  (−τ1, τ2). (1.6) 

The function f (t) in equation (1.5)is called the inverse Sumudu transform of F (u) 
and is denoted by f (t) = S−1[F (u)]. 

Definition 1.7 [22] The Sumudu transform of the Liouville fractional derivative 
(1.2) is given by 

 

S[(Dα y)(t)](u) = u−α[Sy](u) − dju
−j (l − 1 < α ≤ l; l ∈  N) (1.7) 

 

 
 

where  
dj = (Dα−jy)(0+), (j = 1, 2, ..., l). (1.8) 

Theorem 1.1 [8] Let F (u) and G(u) be the Sumudu transforms of f (t) and g(t) 
respectively. If 

h(t) = (f ∗ g)(t) = 
t 

f (τ )g(t − τ )dτ 
0 

where * denotes convolution of f and g, then the Sumudu transform of h(t) is 

S[h(t)] = uF (u)G(u). (1.9) 

Theorem 1.2 [7] Let n ≥ 1 and F (u) be the Sumudu transform of the function 
f (t). The Sumudu transform of the nth derivative of f (t), denoted by 
S[f (n)(t)](u) = Fn(u) is given by 

 
(n) F (u) f (0) fr(0) f (n−1)(0) 

S[f (t)](u) = Fn(u) = 
un  − un  − u(n−1) 

− . . . − 
u

 
n−1 (k) 

= 
F (u) 

− 
Σ f (0) 

. (1.10) 
 

Lemma 1.1 [14, 22] let α, β, λ ∈  R and α > 0, β > 0, n ∈  N. Then 

∂ n 

S t Eα, β(λtα) 
∂λ 

n!uαn+β−1 

= 
(1 − λuα)n+1 

. (1.11) 

In particular n = 0 and Re( 1 ) > λ, then 
 

S[t 

 

β−1 
 

Eα,β(λtα 
uβ−1 

)](u) = 
1 − λuα . (1.12) 

∫ 

∫ 

天下无敌 

2024-02-16 12:12:13 

-------------------------------------------- 

Wrong! Maybe S^{-1}[F(t)] 

天下无敌 

2024-02-16 12:12:58 

-------------------------------------------- 

after (1.7), please add "," 



UNDER PEER REVIEW 
 

Σ L 

j=1 

m 

0+ 

o+ 

0+ 

0+ 

4 

 

2 Homogenous Equations with Constant Coefficients : 

In this section we apply Sumudu transform to obtain explicit solutions to the 
homogeneous Liouville type fractional differential equation of the form 

Σ 
Ak(D

αk y)(t) + A0y(t) = 0 (t > 0; m ∈  N; 0 < α1 < ... < αm) (2.1) 
k=0 

The conditions when solutions y1(t), y2(t), ..., yL(t), l ∈  N, of equation (2.1) with 

l−1 < αm < l will be linearly independent and these solutions form the fundamental 
system of solutions given by 

(Dα−kyj)(0+) = δk,j (k, j = 1, 2, ..., l), (2.2) 

where δk,j is the Kronecker delta function. 
 

 

Theorem 2.1 Let (t > 0; l − 1 < α ≤ l; l ∈  N), λ ∈  R. Then the functions 

yj(t) = tα−jEα,α−j+1(λtα) (j = 1, 2, ..., l) (2.3) 

yield the fundamental system of solution to the equation 

α y)(t) − λy(t) = 0. (2.4) 

 
Proof : Applying Sumudu transform on both sides of (2.4), we get 

 

S[(Dα y)(t)](u) − λS[y(t)](u) = 0. (2.5) 
 

Using (1.7), we get 

 

u−α[Sy(t)](u) − 

 

 

dju
−j − λS[y(t)](u) = 0 

 

 

L 

(u−α − λ)S[y(t)](u) = 
 

 
 

 
 
 
 
 
 

 

dju−j 

 −j 

S[y(t)](u) = 

 
S[y(t)](u) = 

 u  
dj 

(u−α − λ) 
 

  uα−j 
dj 

(1 − λuα) 
j 

 
 

 
(2.6) 

(D 

 

Σ

j

 

 
L Σ 

 

j 
L Σ 

 

 

天下无敌 

2024-02-16 12:13:45 

-------------------------------------------- 

This part is bad for readers.  



UNDER PEER REVIEW 
 

Σ 

Σ 

0+ 

Σ 

u−(L− 
1 )S[y(t)](u) − 

Σ 
d u−j − λS[y(t)](u) = 0 

(u−(L− 
1 ) − λ)[Sy](u) = 

Σ 
d u−j. 

5 

 

Replacing β = α − j + 1, in (1.12) and taking inverse Sumudu transform on both 
sides of (2.6), we get 

L 

y(t) = djt
α−j Eα,α−j+1(λtα) 

j 

which gives the solution of the equation (2.4) as 
 
 

 
where 

L 

y(t) = djyj(t), 
j=1 

 

 

yj(t) = tα−jEα,α−j+1(λtα), j = 1, 2, ..., l. 
 
 

 
Example 2.1 The equation 

L− 1 

(D 2 y)(t) − λy(t) = 0, (t > 0; l ∈  N; λ ∈  R) (2.7) 

has its fundamental system of solution given by 

yj(t) = t 
1 
2 E

L− 1 ,L−j+ 1 (λt 
1 

2 ), (j = 1, 2, ..., l). (2.8) 
2 2 

 
Solution. Applying Sumudu transform on both sides of (2.7), we get 

L− 1 

 
Using (1.7), we get 

S[(D 2 y)(t)](u) − λS[y(t)](u) = 0. (2.9) 

 
 

2 j 

j=1 

L 

 

 
Using (2.2), we get 

 
 

2 
 
 
 
 

 L L−j− 1 

j 

j=1 

[Sy](u) = 
Σ 

dj 
  u 2  

L− 1 
. (2.10) 

j=1 (1 − λu 2 ) 

Replacing α = (l − 1 ) and β = l − j + 1 in (1.12) and taking inverse Sumudu 
2 2 

transform on both sides of (2.10), we get the solution of (2.7) as 

L 

y(t) = djyj(t), 
j=1 

L 

L−j− L− 

0+ 
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where  
yj(t) = t 

 

 
1 
2 E

L− 1 ,L−j+ 1 (λt 
  

 

 
1 

2 ), j = 1, 2, ..., l. 
2 2 

 
 
 
 

3 Conclusion 

We have obtained the solutions of homogeneous Liouville fractional differential 
equations with constant coefficients interms of Mittag-Leffler by Sumudu trans- 
form method. The results obtained provides fundamental system of solutions of the 
considered problem. Results obtained are validated with some examples. 

 

References 

[1] Asiru, M.A. Sumudu transform and the solution of integral equations of con- 
volution type, International Journal of Mathematical Education in Science and 
Technology, 32(6),906-910 (2001). 

[2] Asiru, M. A. Further Properties of the Sumudu Transform and its Applica- 
tions, International Journal of Mathematical Education, Science and Technol- 
ogy, 33(2), 441-449 (2002). 

[3] Asiru, M.A. Application of the Sumudu Transform to Discrete Dynamical Sys- 
tems , International Journal of Mathematical Education in Science and Tech- 
nology, 34(6), 944-949 (2003). 

[4] Agarwal, R. P. A propos d’unc note de M.Pierre Humbert , C. R.Se’ances Acad. 
Sci., 236(21), 2031-2032 (1953). 

[5] Bodkhe. D. S and Panchal.S. K., On Solution of Some fractional differential 
equations by Sumudu transform International Journal of Scientific and Innova- 
tive Mathematical Research, (IJSIMR), 3(2), 615-619 (2015). 

[6] Bodkhe.D .S and Panchal. S. K., On Sumudu transform of fractional deriiva- 
tives and its applications to fractional differential equations, Asian Journal of 
Mathematics and Computer Research, 11(1), 69 - 77 (2016). 

[7] Belgacem, F. B. M, Karaballi,A.A, and Kalla S.L. Analytical investigations of 
the Sumudu transform and applications to integral production equations, Math- 
ematical Problems in Engineering, 3, 103-108 (2003). 

L−j− L− 



UNDER PEER REVIEW 
 

7 

 
[8] Belgacem,F. B. M, Karaballi A.A. Sumudu transform fundamental properties 

investigations and applications, Journal of Applied Mathematics and Stochastic 
Analysis, Article ID 91083, 1-23 (2006). 

[9] Bulut, H. , Baskonus, H. M, Belgacem, F.B.M, The Analytical solution of some 
fractional ordinary differential equations by the Sumudu transform method, Ab- 
stract and Applied Analysis, 6pp (2013). 

[10] H.Bulut, H.Mellumet Baskonus, Seyma Tuluce, Homotopy Perturbation 
Sumudu Transform Method for Heat Equations, Mathematics in Engineering, 
Science and Aerospace (MESA), 4(1), 49-60 (2013). 

[11] H.Bulut, H.Mellumet Baskonus, Seyma Tuluce,The Solutions of Homogeneous 
and Nonhomogeneous Linear Fractional Differential Equations by Variational 
Iteration Method, Acta Universitatis, 36, 235-243 (2013). 

[12] H.Bulut, H.Mellumet Baskonus, Seyma Tuluce, The Solution of Wave Equa- 
tions by Sumudu Transform Method, Journal of Advanced Research in Applied 
Mathematics, 4(3), 66-72, (2012). 

[13] H.Bulut, H.Mellumet Baskonus, Seyma Tuluce, Homotopy Perturbation 
Sumudu Transform Method for One and Two Dimensional Homogeneous Heat 
Equations, International Journal of Basic and Applied Sciences,IJBAS-IJENS, 
12(1), 6-16 (2012). 

[14] Chaurasia,V. B. L, Dubey,R. S , Belgacem, F. B. M. Fractional radial diffusion 
equation analytical solution via Hankel and Sumud transforms, Mathematics In 
Engineering, Science And Aerospace, 3(2), 1-10 (2012). 

[15] Debnath, L. Recent applications of fractional calculus to science and engineer- 
ing, International Journal of Mathematics and Mathematical Sciences, 54, 3413- 
3442 (2003). 

[16] Debnath, L and Bhatta. D, Integral transforms and their applications, Chap- 
man and Hall /CRC,Taylor and Francis Group, New York (2007). 

[17] Seyma Tuluce Demiray,Hasan Bulut and Fethi Bin Muhammad Balgacem, 
Sumudu Transform Method for Analytical Solutions of Fractional Type Ordi- 
nary Differential Equations, Mathematical Problems in Engineering, Artice ID 
131690, 6 pages,(2015). 

[18] Erdelyi(ed), A. Higher Transcendental Function , vol. 3. McGraw-Hill, New 
York, (1955). 

[19] Kilic¸man, A. , Eltayeb, H. and Agarwal,P.R. On Sumudu transform and system 
of differential equations, Abstract and Applied Analysis, Article ID 598702, 11 
pp (2010). 



UNDER PEER REVIEW 
 

8 

 
[20] Kilic¸man, A. and Eltayeb, H. “On the applications of Laplace and Sumudu 

transforms,” Journal of the Franklin Institute, 347(5), 848-862 (2010). 

[21] Kilbas, A. A, Srivastava,H. M and Trujillo,J. J. Theory and Application of 
Fractional Differential Equations , Elsevier, Amersterdam,(2006). 

[22] Kataetbeh, Q. D and Belgacem, F. B. M. Applications of the Sumudu transform 
to differential equations , Nonlinear Studies, 18(1), 99-112 (2011). 

[23] Loonker, Deshna and Banerji, P. K., Fractional integrals and derivatives for 
Sumudu transform on distribution spaces, International Journal of Applications 
and Applied Mathematics, 7(1), 188-200 (2012). 

[24] Miller, K. S and Ross B. An Introduction to the Fractional Calculus and Frac- 
tional Differential Equations , John Wiley and Sons, (1993). 

[25] J.A.Nanware, G.A.Birajdar. Methods of Solving Fractional Differential Equa- 
tions of Order α(0 < α < 1), Bulletin of Marathwada Mathematical Society, 
15(2), 40-53 (2014). 

[26] J.A.Nanware, D.B.Dhaigude, Monotone Technique for Finite System of Caputo 
Fractional Differential Equations with Periodic Boundary Conditions, Dyn. 
Conti., Disc. Impul. Sys., 22(1), 13-23 (2015) 

[27] Podlubny, I. Fractional Differential Equations, Academic Press, San Diego, 
(1999). 

[28] Weerakoon, S. Application of Sumudu transform to partial differential equa- 
tions, International Journal of Mathematical Education in Science and Tech- 
nology, 25(2), 277-283 (1994). 

[29] Weerakoon, S. Complex Inversion Formula for Sumudu Transform , Interna- 
tional Journal of Mathematical Education, Science and Technology, 29(4), 618- 
621 (1998). 

[30] Watugala, G. K. Sumudu Transform- an Integral transform to solve differential 
equations and control engineering problems, International Journal of Mathe- 
matical Education in Science and Technology, 24(1) (1993). 

[31] Watugala, G. K. Sumudu transform: a new integral transform to solve differ- 
ential equations and control engineering problems, Mathematical Engineering 
in Industry, 6(4), 319-329 (1998). 


