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Short Research Article

The Solution of Homogeneous Liouville Fractional Differential
Equations by Sumudu Transform Method

Abstract

In this paper, we study the homogeneous Liouville fractional differential
equations with constant coefficients. The solutions interms of Mittag-Leffler
of homogeneous Liouville fractional differential equations with constant coeffi-
cients are obtained by Sumudu transform method(STM). The results obtained
by STM are illustrated by examples.

Subject Classification: 44A15,44A99.
Keywords: Sumudu transform, Mittag-Leffler functions, Wright functions, Frac-
tional differential equations.

1 Introduction

Many problems in physics, engineering and biology etc. are modeled via
fractional differential equations such as diffusion, signal processing, electrochem-
istry, viscoelasticity [24, 27]. In literature numerous methods are available to solve
fractional differential equations like power series method,iterative method, adomain
decomposition method, transform method, monotone method etc.[1, 7, 9, 15, 18, 21,
26, 28]. Integral transform methods such as Fourier, Laplace, Mellin, and Hankel
etc.were extensively used to study fractional differential equations [5, 6, 14, 16, 25].
In 1993, Watagulla [30, 31] introduced Sumudu transform and applied it to solve
ordinary differential equations in control engineering problems. The complex in-
version formula for Sumudu transform was proved by Weerakoon [28, 29] in 1994
and applied it to solve partial differential equations. Asiru studied the properties of
Sumudu transform [1, 2, 3] and solved integral equations of convolution type [4] and
discrete dynamical system [9]. Belgacem et al.[8] also established the properties of
Sumudu transform. Kilicman et al [19, 20] successfully applied Sumudu transform
method to solve system of differential equations.

Kataetbeh and Belgacem [22, 24] obtained formulae for Sumudu transform of
fractional derivatives such as Riemann-Liouville , Caputo and Miller-Ross using
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Laplace- Sumudu duality property and obtained solutions of fractional differential
equations. Bulut, Demiray and Tuluce [10, 11, 12, 13, 17] have studied heat equa-
tions and wave equations by Sumudu transform method. In this paper we apply
Sumudu transform method to obtain explicit solution of homogeneous fractional
differential equations with constant coefficients. We also illustrate the STM by

examples. sectionPreliminary Results, Notations and Terminology JE—
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In this section we give definitions and some basic results whifsomething is wrong
next section.

Definition 1.1 [24] A real function f (t), t 2 0O is said to be in §
there exists a real number n(> u), such that f (t) = t"fi(t), whe

and is said to be in space gk if and only iff(k) € C, ke N.

Definition 1.2 [21] The Liouville fractional integrals Iy, f of order a on the half-
axis R™ is defined as
Iy

_1 77 _f)dt

(o) (x) = x>0 Do) xrem

Mo) o (x—t)l~
2024-02-16 12:09:50

Definition 1.3 [21] The Liouville fractional derivative D°),y ofjWhat is R(\alpha)
order a on the half-axis R* is given by

d "
(Dg+y)(t) = " ((1o+ “y)(x))

1 d nd y(t)dt

(1 2)

- _ J— -n+17
Mn—a) dx 0 (x—tyamn SRR

2024-02-16 12:10:30
with n=[[1(a)]+1;[J(a)= 0;x>0.

Maybe "," should be deleted.

Definition 1.4 [18] One parameter Mittag-Leffler function is de

is defined as
= Kk

> , € C, Re(a)>0.

Ea(z) =

MNak+1)
k=0

Definition 1.5 [4] A two-parameter Mittag-Leffler function denoted by E, ¢(z) and

is defined as, - .
F (5)==—%— a>0, 8>0. (1.4)
% o MNak + B8)
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Definition 1.6 [30] Consider a set A defined as
] ,
A={f(t) 3 M1y, 1. >0, [f(t)] <MeT ifte (—1) X[0, )}. (1.5)
For all real t = 0, the Sumudu transform of a function f(t) € A, denoted by
S[f(t)] = F(u), is defined as
[ e
SF(O)Nu) = F(u) = e 'flut)dt, u€ (—1y ). (1.6)
0

The function f(t) in equation (1.5)is called the inverse Sumudu transform of F(u)

. P |
and is denoted by f(t) =S ~[F (u)]. JE—
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Definition 1.7 [22] The Sumudu transform of the Liouville frd

(1.2) is given by Wrong! Maybe S{-1}{F(t)]

L

SUDEVI(D1(W) = u™ISyl(u) = du” (I—1<as i
2024-02-16 12:12:58

where : fter (1.7), pl dd "
d; = (D"é:r’y)(0+), (G=12..1). after (1.7), please a ,

Theorem 1.1 [8] Let F(u) and G(u) be the Sumudu transformn
respectively. If [
t

h(t) = (f*g)(t) = . f(T)g(t —t)dr
where * denotes convolution of f and g, then the Sumudu transform of h(t) is
S[h(t)] = uF(u)G(u). (1.9)
Theorem 1.2 [7] Let n = 1 and F(u) be the Sumudu transform of the function

f(t). The Sumudu transform of the n'" derivative of f(t), denoted by
SIF™(t))(u) = Fa(u) is given by

(n) F(u) f(O) £(0) F(n-1)(0)
SIf (O)I(u) = Fa(u) = — - ... T
un uj (k)u(” 1 u
F (u) i f (0)
= — . (1.10)
un u(n—k)
k=0
Lemma 1.1 [14, 22] let a,6,A€ Rand a>0,8 >0,n€ N. Then
bo) n n!uan+6—1
S tan+6-1 = E, At = ¢4
oA , 6(At7) SV (1.11)
In particular n = 0 and Re( ul) > A, then
8-1
S[t57 Eq6(AL™ ) (u) = (1.12)

1—Aue’
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2 Homogenous Equations with Constant Coefficients :

In this section we apply Sumudu transform to obtain explicit solutions to the
homogeneous Liouville type fractional differential equation of the form

>
AlD*y)(t) + Agy(t) =0 (t>0;meE N;0<ay <...<ap) (2.1)
k=0

The conditions when solutions y;(t), y»(t), ..., v.(t), I € N, of equation (2.1) with
I—1 < a,,, < | will be linearly independent and these solutions form the fundamental
system of solutions given by

(Do y)0+) = &, (kj=1,2..1], (2.2)

o

where 6, is the Kronecker delta function.

Theorem 2.1 let (t>0;/—1<a</;1€ N),A€ R. Then the functions
yj(t) = ta_an,a—j+1(Ata) (j= 1/ 2/-"/ /) (2'3)
yield the fundamental system of solution to the equation

(Do4+¥)(t) —Ay(t) = 0. (2.4)

Proof : Applying Sumudu transform on both sides of (2.4), we get

SH(Dg. y)(8)1(u) —AS[y(t)](u) = O. (2.5)
Using (1.7), we get EREHR
2024-02-16 12:13:45
uTISy(01(u) = dw” —ASIy(t)](u) = 0 This part is bad for readers.
(W™ =A)Sly(®lw) = du™
Z J
u
5 . —u
y(®)l(v) = = df(u—a A

j oa—j
Syolw) = = dr 20

J

(2.6)



UNDER PEER REVIEW

Replacing 6 = a—j + 1, in (1.12) and taking inverse Sumudu transform on both
sides of (2.6), we get

=
y(t) = djt®7 Eq,a—j+1(At%)
J
which gives the solution of the equation (2.4) as

b
y(t) = diy(t),
j=1

where
Yit) = 7 E g e (ALY, j = 1,2, ..., .

Example 2.1 The equation

=1

(Do2y)(t) —Ay(t) =0, (t>0;/€ N;A€ R) (2.7)
has its fundamental system of solution given by

o1 1
yi(t) = tL-f-?-EL-%,L-HlE Ati-z), G=12,..,1. (2.8)

Solution. Applying Sumudu transform on both sides of (2.7), we get

S[(D S;iy)(t)](U) —AS[y(t)](u) = 0. (2.9)
Using (1.7), we get
_-1 2 _
uCISYOW) — d T —AS[y(D)](u) = O
j=1
1 2L ;
(W2 =NSylw) = d y.
j=1
Using (2.2), we get . R
>3 2
[Syl(u)= 4, : L. (2.10)

[1——
j=1 (l —Au 2)
Replacing a = (I—lz) and 8 = |—j +1 , in (1.12) and taking inverse Sumudu

transform on both sides of (2.10), we get the solution of (2.7) as

>
y(t) = diy(t),
j=1
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6
where . )
yt) =t 772 E 1 Atmzy iog o
Z Z
3 Conclusion
We have obtained the solutions of homogeneous Liouville fractional differential

equations with constant coefficients interms of Mittag-Leffler by Sumudu trans-
form method. The results obtained provides fundamental system of solutions of the

cons

idered problem. Results obtained are validated with some examples.
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