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Small Data Scattering for the Global Solutions of 

the Supercritical Generalized KdV Equation 

Abstract.  We consider the scattering problem for the global solutions of the 

supercritical generalized KdV equation ∂tu+∂xxxu+μ∂x(u
k+1) = 0, where k > 4 is an 

integer, initial data u0 belongs to H
1(ℝ), and μ = ±1.  

To solve the scattering problem, a scattering criteria is established firstly, and then a 

new inequality is introduced to obtain uniformly bounded solutions in H1(ℝ). Finally, 

we further clarify the conditions for the equation to have a global solution scattering in 

H1(ℝ). Our method is mainly inspired by the works of Farah, Linares, Pastor, and 

Visciglia. 
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1 Introduction 

 

It is well known that partial differential equations (PDES) are widely used to simulate 

natural phenomena. And many physical phenomena and laws can be described by 

appropriate PDES, such as the Schrödinger equation describing the basic laws of 

quantum mechanics, the KdV equation describing solitary waves. These equations have 

become important mathematical physics equations that have attracted wide attention 

and in-depth research. Here we mainly study the long-time asymptotic behavior of the 

solutions of nonlinear equations — scattering theory. 

We say that the solution of the nonlinear equation scatters in space X , if the solution 

of the nonlinear equation approaches a solution of the associated linear equation in a 

certain norm sense (the initial values of these two equations can be different, but they 

both belong to the same space X ), when t approaches infinity. From the definition, it 

can be seen that if we know that a solution of the nonlinear equation has scattering 

behavior, we can indirectly obtain the properties that the solution should satisfy, by 

studying the properties of the solution to the associated linear equation. Therefore, it is 

very important and meaningful to study the scattering of solutions of nonlinear 
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equations. 

In fact, there are many studies on the scattering theory of nonlinear equations. Take 

the nonlinear Schrodinger equation as an example. Kenig, Merle [1], using a concen- 

tration compactness method, proved the scattering for the energy-critical, focusing, 

nonlinear Schrödinger equation in the radial case. For the radial H1(ℝ) solutions to the 

focusing cubic 3D nonlinear Schrödinger equation, Holmer, Roudenko [2] also 

obtained a sharp condition for scattering (the radial case). The technique employed is 

parallel to that in [1]. And the general case was finished by Duyckaerts et al [3]. Fang, 

Xie, Cazenave [4] extend those result to arbitrary space dimensions and focusing, mass-

supercritical and energy-subcritical power nonlinearities. There are many other works 

related to the Schrödinger equation [5-7]. Moreover, nonlinear wave equations also 

have similar scattering theories [8,9]. In this paper, we mainly study the scattering 

theory for the generalized Korteweg-de Vries (gKdV) equation. 

We consider solutions of the Initial Value Problem (IVP) associated with the 

following supercritical gKdV equation, i.e., 

 
1

0

( ) 0,     , ,

(0, ) ( )

k
t xxx xu u u x t

u x u x

 + +  +  =  


= ，
 (1.1) 

where u0 ∈ H1(ℝ), k > 4 is an integer, μ = ±1. We say that the equation (1.1) is focusing 

if μ = 1, and defocusing if μ = −1. When k + , we call the above family of equations 

the k-generalized KdV equations (k-gKdV). For k < 4, the equation (1.1) is subcritical 

case, k = 4 is the critical case. And k > 4 is the supercritical case, here we mainly 

consider the supercritical case. The case k = 1 is the well-known KdV equation, which 

was first derived as a model for unidirectional propagation of nonlinear dispersive long 

waves. When k = 2, (1.1) is called the modified KdV (mKdV) equation. Like the KdV 

equation, it models propagation of weak nonlinear dispersive waves and it can also be 

solved by inverse scattering theory. The mKdV equation is another fundamental 

completely integrable system in solitary wave theory.  

Moreover, both the KdV and the mKdV equation have an infinite number of con-

served quantities [10], but when k > 2, the conclusion is not valid. However, all real-

valued solutions of k-gKdV equations have the following two conserved quantities: [11] 

 2( ( )) ( ) ,M u t u t dx=   (1.2) 

 2 2
1

( ( )) ( ) ( ) ( ) .
2 2

k
xE u t u t dx u t dx

k


+=  −

+   (1.3) 

Next, we describe some previous scattering results for the solutions of (1.1), many 

of which consider small data scattering problems. That is, when the initial data u0 is 

small enough, the corresponding solutions scatter in a certain space. For k = 3, Koch 

and Marzuola [12] proved that the small initial solutions of the focusing gKdV equation 

(μ = 1) scatter in Ḣ-1/6(ℝ), relying on refined estimates for a KdV equation linearized 

at the soliton. As for the case k = 4, Kenig, Ponce, and Vega [13], using several linear 

estimates plus contraction mapping principle, showed that for small initial data in L2(ℝ), 

the solutions of the focusing gKdV equation (μ = 1) scatters in L2(ℝ). And when k > 4, 

Ponce and Vega [14] proved that for small data, solutions of equation ∂tu+∂xxxu+∂x(a(u)) 

= 0 scatter in H1(ℝ), in the sense of norm
,s p

 , by the LP-decay estimates of the half 

derivative of the Airy kernel. Kenig, Ponce and Vega [15] also obtained similar 
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scattering results for small initial solutions. Moreover, Farah and Pastor [16] used a new 

linear estimate to prove that the following conclusion holds. That is, when 0 ( )ksu H , 

and satisfies 0 skH
u K , there exists ( )K =  such that if 

5 /4 5 /20( ) k k
x IL L

U t u  , there 

is a unique solution Scattering in ( )ksH , ( 4) / 2ks k k= − .  

After obtaining the small data scattering theory of the global solutions of (1.1), a 

natural question is whether the global solutions also have scattering results for large 

initial data, that is, large data scattering problem. However, contrary to the small data 

scattering theory, only some special cases of the defocusing gKdV equation ( 1 = − ) 

have been explicitly proved to have scattering results for large data. For example, when 

4k = , Dodson [17] showed that when (1.1) are the defocusing gKdV equation ( 1 = − ),  

the corresponding solutions are globally well-posed and scattering in 2 ( )L   for 
2

0 ( )u L   , using concentration compactness method. For 4k   , the supercritical 

case, Farah, Linares, Pastor, and Visciglia [18], using a similar approach in [17], proved 

that when (1.1) is the defocusing supercritical gKdV equation ( 1 = − ) and k is even, 

for 1
0 ( )u H   the correspond solutions are global and scatter in 1( )H . Finally, 

we should mention that Taegyu Kim [19] recently obtained the conditions for the 

existence and scattering of global solutions to the subcritical defocusing gKdV equation 

∂tu+∂xxxu+∂x(|u|2αu) = 0 in a Morrey space 2,
ˆ

x M
 



−
 . 

So far, there are many studies on small data scattering problems of (1.1), but most of 

them are about the focusing gKdV equation ( 1 = ), there are relatively few papers 

considering the defocusing case. Moreover, fewer papers explicitly pointed out how 

small the initial data should be to yield scattering results for the corresponding global 

solutions. For these reasons, we decided to further study the small data scattering 

problem of the global solution of the supercritical gKdV equation.  

This paper is mainly inspired by Farah, Linares, Pastor, and Visciglia [18] to discuss 

the scattering problems of global solutions for the supercritical gKdV equation (1.1), 

where k > 4 is an integer, 1
0 ( )u H . In this paper, we first establish a scattering 

criteria, by method like Farah, Linares, Pastor and Visciglia [18]. And then we introduce 

a new inequality. Next, using the small data theory [16], the inequality introduced 

before, as well as the conservation of mass (1.2) and energy (1.3), we can obtain the 

conditions that the global solutions of (1.1) satisfy the scattering criterias. Ultimately, 

we can obtain the conditions of scattering for the global solutions of the supercritical 

gKdV equation (1.1) in 1( )H . 

The main results of this paper are as follows: 

Theorem 1.1. Let 4k  , ( 4) 2ks k k= − , and 1
0 ( )u H . Assume 

20 0
L

u  . If 0u

satisfies 

 
21

2

8 3

1 2
0 0 0( ) ( ) ( 4) 2 ( 2) ,  ( ) 0,k k ks s s

k

k kE u M u k k k E u
−

−

−

 − +   (1.4) 

and 

 2 2

1 1
1

2

2
0 0 2 ( 2) ,

k ks s
k k k

x L L

k

u u k k
−

−
−

  +  (1.5) 

 

then for any t  as long as the solution of (1.1) exists, we have 

 2 2 2 20

21 1
1 1

2( ) ( ) ( ) 2 ( 2) .
k k k ks s s s

k k k
x xL L L L

k

u t u u t u t k k
−

−− −
 =   +  (1.6) 
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Theorem 1.2. Let 
4 11

4 24

21
( 4) 2 ( 2)

1

k

k k k

k

k

G k k k
s

−
−

−

= − +
−

 ,  4k    is an integer, and

1
0 ( )u H satisfying 

 
10 3 1 3, min{ , ( ) / , / }, 

H
u J J G P G c c c =  (1.7) 

and 

 
2 2

1

2
0 0 0 0( ) 0, max{(2 ( )) , } . x L L

E u E u u u G  +   (1.8) 

Then there exists a global solution of (1.1) scattering in both directions, i.e., there exist 
1( )H

   such that 

 
1

lim ( ) ( ) 0,
Ht

u t U t 


→
− =  

where  1 1/
1 2 (4 ) kc c− −= , 3 2 1/( 1)

2 (2 )k kc c− − − −= , 1/( 1)
2( ) kP x c x− −= , c  is a positive const-

ant, and 3c  satisfies 

 
5 /4 5 /2 20 3 0( ) .k

k k
x xt

s
xL L L

U t u c D u  

The structure of this paper is as follows. Firstly, in section 2, we establish a scattering 

criteria that make the global solution u  of (1.1) scatters in 1( )H , and introduce a 

small data theory. Then, in section 3, we use the small data theory mentioned before to 

obtain sufficient conditions for 
5 /4 5 /2k k
x tL L

u    , which is one of condition of the 

scattering criteria; Next, in section 4, we introduce an inequality to yield sufficient 

conditions for u  to be uniformly bounded in 1( )H , which is another condition of 

the scattering criteria. Therefore, in section 5, we can get the scattering results. Finally, 

we give a brief conclusion in section 6. 
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Notation 

 

The notation used in this paper is introduced below. 

We use pL
  to represent the standard ( )pL  norm, and we use subscripts to inform 

us which variable to focus on. For a given time interval I R , define the mixed norms 
qp

x tL L  and qp
x IL L  of ( ),f f t x=  as 

 ( ) ( )
1/ 1/

( , ) , ( , .)p q q p q q
x xt t I I

p p
p p

L L L L L L
f f x dx f f x dx

+ +

− −
=  =    

Some modifications are needed when q =   or r = . 

We define s
xD  and s

xJ  to be, respectively, the Fourier multipliers with symbol 
s

  

and (1 )
s s = +  . And the norm in the Sobolev spaces ( )sH   and ( )sH   are 

given, respectively, by 

 
2 2

2 2

ˆ ˆ,     ,s s
x x

s ss s

H HL LL L

f J f f f D f f
 

  =  =  

where f̂  denotes the usual Fourier transform of f . 

For any initial data 0u , we use 0( )U t u  to denote the solution of the following linear 
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KdV equation. 

 
0

0,  ,  ,

(0, ) ( ).

t xxxu u x t

u x u x

 +  =  


=
 

It is worth noting that  ( )
t

U t


=−
 is a unitary group operator defined in ( )sH (see 

[11]). 

 

 

2 Scattering criteria and small data theory 

 

Proposition 2.1. Let 1
0 ( )u H , ( )u t  is a global solution of the following integral 

equation 

 1
0

0
( ) ( ) ( ) ( )( ) ,

t
k

xu t U t u U t t u t dt +  = − −   (2.1) 

satisfying 5 /4 5 /2
[0, )

k k
xL L

u
+

   and 1 ( )
sup ( )

H
t

u t


  , then there exists 1( )H
+   such 

that 

 
1

lim ( ) ( ) 0.
Ht

u t U t 
+

→+
− =  (2.2) 

Also, if 5 /4 5 /2
( ,0]

k k
xL L

u
−

  , then there exists 1( )H
−   such that 

 
1

lim ( ) ( ) 0.
Ht

u t U t 
−

→−
− =  

Proof.  The proof of this proposition refers to [18]. However, in [18], only the case of 

defocusing gKdV ( 1 = − )equation is considered. In fact, the same conclusion holds 

for the focusing gKdV equation ( 1 = ). 

First prove the defocusing case ( 1 = − ). Assume 5 /4 5 /2
[0, )

k k
xL L

u
+

  . Let 

 1
1 0

0
( ) ( )( ) ,k

xu U t u t dt
+

+ +
−   = + −   

then we have 

 1
1 0

0
( ) ( ) ( ) ( )( ) .k

xU t U t u U t t u t dt
+

+ +
−   = + −   

Since u is a global solution of (2.1), we can get 

 1
1( ) ( ) ( ) ( )( ) .k

x
t

u t U t U t t u t dt
+

+ +
−   − = − −   

Through similar analysis as [9], we have 

 5 /4 5 /2 5 10 5 101
[ , ) [0, ) [0, )

1( ) ( ) ( )k k
x x xt

k

xL L L L L LH
u t U t c u u u

+ + +

+
−−  + ， 

where c is a positive constant. Since 5 /4 5 /2
[ , )

0k k
x tL L

u
+

→ , when t →+ , in order to obtain 

(2.2), it suffices to verify that 

 5 10 5 10
[0, ) [0, )

.
x x

xL L L L
u u

+ +

+    (2.3) 

And through analysis, we know that (2.3) is true. Thus, when we take 1 = − , (2.2) 

holds. 

Next, we proof that if we take 1 = , the same conclusion holds. Let 

 1
1 0

0
( ) ( )( ) .k

xu U t u t dt
+

+ +  = − −   
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Then we have 

 1
1( ) ( ) ( ) ( )( ) .k

x
t

u t U t U t t u t dt
+

+ +  − = −   

Through the same analysis as the defocusing case, we can obtain that (2.2) holds too. 

In a similar fashion we obtain the second statement. So far, we have proved that as 

long as a global solution u satisfies 
1(s )upt H

u t   and 
5 /4 5 /2k k
x tL L

u   , it scatters 

in both directions. 

 

Proposition 2.2. Let 4k   , 0( 4) 2 ,  ( )ks
ks k k u H= −    with 0 skH

u K    , I  

is a time interval. There exists ( )K =  such that if 

 
5 /4 5 /20( ) ,k k
x IL L

U t u   (2.4) 

then there is a unique solution u   of the integral equation (2.1) in I    with 

( ; ( ))ksu C I H  satisfying 

 
5 /4 5 /2 5 10

2 , and 2 ,k
k k sk

x xI I I

s
xL L L H L L

u u D u cK  +   (2.5) 

for some positive constant c . 

Proof.  The proof is quite standard, so only the main idea is shown here. We use the 

contraction mapping principle to complete our proof, and the detailed proof can be 

found in [16, Theorem1.2] and [20, Theorem 3.6]. 

We define  5 /4 5 /2 5 10, ( ; ( )) : , ,k k
k k sk

x xI I I

K s s
a b xL L L H L L

X u C I H u a u D u b=   +   

where 
5 /4 5 /2 5 10

||| ||| k
k k

x xI I

s
xL L L L

u u D u= + , for ,
K
a bu X  . 

On ,
K
a bX  consider the integral operator 

 1
0

0
( )( ) : ( ) ( ) ( )( ) .

t
k

xu t U t u U t t u t dt +   = − −   

Then, using the method in [16], we know that when we take 2b cK=   1 2kca    

1 1 2kca b−   2a = , we have  

 
5 /4 5 /2 2 5 10

( ) , ( )( ) ( )( ) . k k
k k

x x xI I I

s s
x xL L L L L L

u a D u t D u t b


   +    

Thus, , ,: K K
a b a bX X →  is well defined.  

Next, we need to show that ( )u  is a contraction. That is to prove the following 

two equations hold. 

 ,||| ( ) ( ) ||| ||| |||, (0.1), , .K
a bu v u v u v X  −  −     

Moreover, from similar arguments in [20], we get  

 

5 /4 5 /2 5 /4 5 /25 10

5 /4 5 /2 5 /4 5 /2 5 /4 5 /2 5 10 5 10

1 1

||| ( ) ( ) ||| ( ) ( )

                        ( )( )

                        2

k
k k k k

x I x Ix I

k k
k k k k k k

x I x I x I x I x I

k

k ks

x L L L LL L

k k s s

x xL L L L L L L L L L

sk

x

u v c D u v u v

c u v u v D u D v

ca D

− −

 −  − +

+ − + +

 5 /4 5 /25 10

1( ) 4 k k
x Ix I

k

L LL L
u v ca b u v−− + −

 

Therefore, if we choose 2b cK=  , 2a =  , 1 4kca   , 1 1 8kca b−   , where c   is a 

constant, ( )u  is a contraction in ,
K
a bX , satisfying 
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 ,

1
||| ( ) ( ) ||| ||| |||, , .

2

K
a bu v u v u v X −  −    

Then on the bases of the contraction mapping principle, the proof is complete. 

 

Remark 2.3. Here,   should satisfy the following range to make the proposition valid. 

First by 2a = , 1 4kca  , we can work out the   should satisfy 1 1/2 (4 ) kc − − , 

and then from 12 ,  2, 1 8kb cK a ca b −= =  , we have 3 2 1/( 1) 1/( 1)(2 )k k kc K − − − − − − . 

Let’s denote 1 1/
1 2 (4 ) kc c− −=  , 3 2 1/( 1)

2 (2 )k kc c− − − −=  , 1/( 1)
2( ) kP x c x− −=  , then    should 

satisfy 

 1, and ( ).c P K    

 

 

3 Sufficient conditions for 
5 /4 5 /2k k
x tL L

u    

 

 

Lemma 3.1. Let 4k  , ( 4) / 2ks k k= − , then 

 
5 /4 5 /2 20 0 ,( ) k

k k
x xt

s
xL L L

U t u c D u  

where c  is a positive constant. 

Proof.  The proof can be found in [18]. 

 

Theorem 3.2. Let 4k   ,  ( 4) / 2ks k k= −  , 1
0 ( )u H  , I   is a time interval. For 

0G  , assume 0u  satisfies 
10 H

u J , 3 1 3min{ , ( ) / , / }J G P G c c c= . Then there is 

a unique solution u  of (1.1) satisfying 
5 /4 5 /2 32k k
x IL L

u c J   , where 1/( 1)
2( ) kP x c x− −= , 

1c , 2c  are the constants in Remark 2.3, 3c  is the positive constant in Lemma 3.1. 

Proof.  We use Proposition 2.2 to complete the proof of the theorem. That is, we need 

to show that there exists    satisfying 1c   , and 1/( 1)
2( ) kP J c J − − =  , such that 

5 /4 5 /20( ) k k
x IL L

U t u   in this case. 

Next, we discuss it in three cases as follows. 

First of all, from Lemma 3.1, we have 

 5 /4 5 /2 120 3 0 3 0( ) .k
k k

x xI

s
xL L HL

U t u c D u c u   

Then consider the first case, J = min{G, P(G)/c3, c1/ c3} = G. From it, one can obtain 

 
3 3

1 3 3 1

,

.

( ) / ( ),
 

/ .
 

G P G c G P G

G c c G c

c

c

  
 

  
 (3.1) 

And when 
10 H

u G , we have 

 5 /4 5 /2 120 3 0 3 0 3( ) .k
k k

x xt

s
xL L HL

U t u c D u c u c G    

Therefore, as can be seen from (3.1), taking the value of K, δ in Proposition 2.2 as 

K G J= = , 3 3c G c J = = , we have 

 

5 /4 5 /2

1

0

( ),

( )

,

.k k
x tL L

P K

c

U t u







 



 

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That is, (2.4) is true, Proposition 2.2 holds in this case, therefore, from (2.5) we get 

5 /4 5 /2 32 2k k
x IL L

u c J =   . 

Next, let's consider the second case, J = min{G, P(G)/c3, c1/ c3} = P(G)/c3. From it, 

we have 

 
3 3

3 1 3 1

( ) / , ( ) ( ( ) / ),
  

( ) / ./ .( )

P G c G P G P P G c

P G c c c P G c

  
 

  
 (3.2) 

The first equation on the right side of (3.2) can be obtained by the monotonic decreasing 

property of 1/( 1)
2( ) kP x c x− −= , k > 4. 

And when 
10 3( ) /

H
u P G c , we can obtain 

 
5 /4 5 /2 120 3 0 3 0 3 3( ) ( ( ) / ) ( ).k

k k
x xt

s
xL L HL

U t u c D u c u c P G c P G   =  

Therefore, as can be seen from (3.2), taking the value of K, δ in Proposition 2.2 as 

3( ) /K P G c J= = , 3( )P G c J = = , we have 

 

5 /4 5 /2

1

0

( ),

( )

,

.k k
x tL L

P K

c

U t u







 



 


 

That is, (2.4) is also true, Proposition 2.2 holds too, therefore, from (2.5) we get 

5 /4 5 /2 32 2k k
x IL L

u c J =    in the second case. 

Finally, consider the third case, J = min{G, P(G)/c3, c1/ c3} = c1/ c3. From analysis 

similar to the second case, we have 

 
1 3 1 3

1 3 3 1

/ , ( ) ( / ),
  

/ ( ) / ( )..

c G P G P c c

c P G c P G

c

c c

  
 

  
 (3.3) 

And when 
10 1 3/

H
u c c , we can obtain 

 
5 /4 5 /2 120 3 0 3 0 3 1 3 1( ) ( / ) .k

k k
x xt

s
xL L HL

U t u c D u c u c c c c   =  

Thus, by (3.3), taking the value of K, δ in Proposition 2.2 as 1 3/K c c J= = , δ = c1 = 

c3J, we can get 

 

5 /4 5 /2

1

0

( ),

( )

,

.k k
x tL L

P K

c

U t u







 



 


 

Similarly, Proposition 2.2 holds in the third case, that is 5 /4 5 /2 32 2k k
x IL L

u c J =   . 

All in all, we can get that for 0G  , if 0u  satisfies 
10 H

u J , where J = min{G, 

P(G)/c3, c1/ c3}, we can take K J= , 3c J =  such that Proposition 2.2 holds. That is 

to say, there is a unique u  of (1.1) satisfying 
5 /4 5 /2 32k k
x IL L

u c J   . 

 

 

4 Sufficient conditions for uniformly bounded 

solutions 

 

Lemma 4.1. Assume 1( )u W  , and ( )pu L  , ( )ru L  , where , [1, ]p r   . 
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Then for [ , ]q p   , we have ( )qu L  and 

 
1 (1 ) (1 )(1 )

,q p r

p pp

q qq
L L L

u u u
 


− − −− −

‖‖ ‖‖ ‖ ‖  (4.1) 

where / ( )r pr r p = + −  , 1( )W   represents a space consisting of all 1th   Weakly 

differentiable functions. 

Proof.  See Exercise 1.8 in [21] and Introduction of [22]. A detailed proof of this lemma 

is given below. 

Define 1, , ( ) { : ( ),  ( )}p r p rW u u L u L=      And let 1, ,
0 ( )p rW   denote the 

closure of 0 ( )C  in 1, , ( )p rW , one can show that 1, , 1, ,
0 ( ) ( )p r p rW W= . Moreover, 

to show that (4.1) holds, it means that the following two statements hold for 
1, , ( )p ru W  . 

 

1

sup ( ) ( ) ,                      .
p r

p r

x

u u dx u dx q

 


−

−



 =    (4.2) 

 

( ) ( )

( ) ( ) ( ) ,   .

q q p q p
q p rq p p ru dx u dx u dx p q

 


− − −

− −        (4.3) 

And from 1, , 1, ,
0 ( ) ( )p r p rW W= , we only need to prove that for 1, ,

0 ( )p ru W  , (4.2) 

and (4.3) hold. 

First of all, it's easy to know 

 1, ,
0( ) ( ) ( ) ,   ( ).

x
p r

x
u x u t dt u t dt u W



−
 = = −    

Thus, 

 1, ,
0( ) ( ) ( ) ,   ( ).p r

x
u x u t dt u t dt u W

 

−
      (4.4) 

Secondly, we can prove that 

 
2

.
d

u u uu
dx

 


−
=  (4.5) 

 

1
2 22 2

1
2 2

2

( ) ( ) 2
2

                             = ( )

                             = .

d d
u u u uu

dx dx

u uu

u uu

 












−

−

−

= =





 

Therefore, taking ( )u x   in (4.4) as u


 , and using (4.5) together with Hölder’s 

inequality, we can get 

 

1

2

1

1 11
1( 1)(1 )

                            

                            ( ) ( ) .
r

r rr

d
u u dt u uu dt

dt

u u dt

u dx u dx

  










−

−

−

−− −

 =

=



 



 

 

In order to construct pL
u  on the right-hand side of (4.1), we set 1

1
( 1)(1 ) p

r
 −− − = , 

which yields ( ) /pr r p r = + − . Then denote 
1




= . We have 

 
1 11

11
( ) ( ) .

p r
r ru u dx u dx



−
    
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Thus, we can obtain 

 
1 11

11
sup ( ) ( )  .             

p r
r r

x

u u dx u dx



−



    (4.6) 

On the one hand, consider q =  , by (4.6) 

 

11
(1 )

1

1
sup sup( ) ( ) ( ) ( )  

1
                              =( ) ( ) ( ) .     

p r
r r

x x

p r
p r

u u u dx u dx

u dx u dx




 

 






−

 

−

= 



 

 

 

Here, the last equation makes use of the relation 1
1 1

( 1)(1 ) p
r

−− − = , from which we 

know that 
1 1

(1 )
r p




−
− = . 

On the other hand, when p q   , similarly, we can obtain 

 

1
( )

1 ( )
(1 )( )

( )

( )

sup sup( )

1
                                           ( ) ( ) ( )

1
                                           ( ) (

q q p p pq p

x x

q p
q pp r pq p r r

pq p

u dx u u dx u u dx

u dx u dx u dx

u














− −

 

−
− −

−

−

 =



=

  

  
1 ( )

(1 )( ) 1

) ( ) .
q p

q p r
r rdx u dx




−
− − +

 

 

From the previous analysis, we know that 
1 1

(1 )
r p




−
− = . Thus, we can get that for 

1, ,
0 ( )p ru W  , (4.2), (4.3) hold. Lemma is proved. 

 

Proof of Theorem 1.1.  The proof is inspired by the works of [23]. Firstly, let’s assume 

u  belongs to 1( )H  , then we have 2 2( ),  ( )u L u L   . Therefore, applying 

Lemma 4.1, with 2p r= = , 2q k= + , we can deduce  

 2 2 2

4

2( 2) 2( 2)2( 2)2 .k

k kk

k kk

L L L
u u u+

+

+ ++   

Taking 2k +  power on both sides at the same time, we can get, 

 2 2 2

4
2

2 222 .k

k kk
k

L L L
u u u+

+
+

  (4.7) 

Next, let u  be the solution of (1.1) on I  , I  is a time interval. Then, using the 

conserved quantities (1.2), (1.3) and the above equation, we obtain 

 

2

2

2 2

2 2
0

2

0

4

2 22
0 0

2
( ) 2 ( ) ( )

2

2
              2 ( )

2

2
              2 ( ) 2 ( ) .

2

k

k
x L

k

L

k kk

xL L

u t E u u t dx
k

E u u
k

E u u u t
k



+

+

+

+

 = +
+

 +
+

 + 
+



 (4.8) 

When 
20 0

L
u   , let 2 2

4
2

22
0 0

2
( ) ( ) ,  2 ( ),  2

2

kk

x L L
X t u t A E u B u

k

+

=  = =
+

 , then (4.8) 

can be rewritten to 

 4( ) ( ) , .
k

X t BX t A t I−    
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Let /4( ) kf x x Bx= −  , for  0x   . By calculation, it is easy to obtain that ( )f x   is 

monotonically increasing in 0[0, )x   and monotonically decreasing in 0( , )x +  . 

Moreover, the function f   has a local maximum at 4/( 4)
0

4
( ) kx
kB

−=   with maximum 

4/( 4)
0

4 4
( ) ( ) k

k
f x

k kB

−
−

= . Thus, if we require 

 0 0 02 ( ) ( ), (0) ,A E u f x X x=    (4.9) 

the continuity of ( )X t  implies that 0( )X t x  for t , whenever the solution exists. 

Finally, let’s calculate the specific value of 0( )f x , 0x  to turn (4.9) into conditions 

(1.4), (1.5). 

First substituting 2

4

22
0

2
2

2

kk

L
B u

k

+

=
+

 into 0( )f x , we have 

 

4
22
2

2( 4)

4

2

4 4

4 4
0

0

2(2 ) 4

4 4

4
0

4 4 4 4
( ) ( ) ( )

2
2

2

( 4)2 ( 2)
                                   .

kk

k

k

k k

L

k

k k

k

k
L

k k
f x

k kB k
k u

k

k k

k u

+

+

−

− −

−

− −

−

− −
= =

+

− +
=

 

Therefore,  

 
2( 4)

4

2

4

4 4

0

4

8 3

0

1 ( 4)2 ( 2)
( ) .

2 k

k

k k

k

k

k

L

k k
f x

k u
+

−

−

−

−

−

− +
=  

Then, taking ks  power on both sides at the same time, we can get 

 
2( 4)2( 4)

24

22

4 2

4 4 2

0 1

4

3

2
0

8 3 8

0

( 4)2 ( 2) ( 4) 2 ( 2)
( ) ( ) .

k

k k

kk

kk

sk k k k
s s

k

k

k

L

k

L

k k k k
E u

k uk u
++

−

− −

−

− −

− + − +
 =  

And 1 ( 4) / 2ks k k− = + , so we can obtain the first condition of (1.4). 

Similarly, from 

 
2( 4)

4

2

2(2 ) 4

4 4
4/( 4)

0 4

4
0

4 2 ( 2)
( ) ,

k

k

k

k k
k

k
L

k
x

kB
k u

+

−

−

− −
−

−

+
= =  

and the second condition of (4.9), we can obtain (1.5). By the same method, it can be 

proved that (1.6) holds. Thus, theorem is proved. 

 

Remark 4.2. For the defocusing gKdV equation ( 1) = − , when 4k   is an even, 

obviously we can obtain 0( ) 0E u  , then if we know 
20 0

L
u  , as long as 0u  satisfies 

(1.4), (1.5), we can get the conclusion. 

Moreover, from the conclusion, we know that 
2( )x L

u t   of the solution u   is 

bounded on I . Then by the definition of the H1-norm, and the conservation of mass 

(1.2), we can get that the H1-norm of u  is also bounded. That is, u  is a uniformly 

bounded solution. 
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Lemma 4.3. Assume , 0, (0,1)a b c  , then 

 1 (1 ) .c ca b ca c b−  + −  

Proof.  If 0a =  or 0b =  , the conclusion clearly holds. Otherwise, if 0a    and 

0b  , let’s take the natural logarithm on both sides of the above inequality. It’s 

equivalent to show 

 ln (1 ) ln ln( (1 ) ).c a c b ca c b+ −  + −  

And the above formula obviously holds, due to the property of ln( )x . Thus, the lemma 

is proved. 

 

Corollary 4.4. Let 1
0 ( )u H  , 4k    is an integer, ( 4) / 2ks k k= −  . Assume 

0( ) 0E u  , 
20 0

L
u   and 

 2 2

4 2 11 1

4 22 4
0 0 0

1
m .ax{(2 ( )) , } ( 4) 2 ( 2)

1

k k

k k k
x L L

k

E u u u k k k
s

− −
−

 +  − +
−

 (4.10) 

Then, Theorem 1.1 holds too, that is, for any t as long as the solution exists, 

 
2 2

1 2 1
1

2
0( ) 2 ( 2) .

k k

k
s s

k k k
x L L
u t u k k

−
−−

  +  

Proof.  If we want to show that Theorem 1.1 holds according to the conditions in the 

corollary, we need to prove that 0u  satisfies (1.4) and (1.5).  

Firstly, let's consider the first case, 
2

1 1

2 2
0 0 0max{(2 ( )) , } (2 ( ))x L

E u u E u =  . If 0u

satisfies this condition, we have 
2

1

2
0 0(2 ( ))x L

u E u  . Then (4.10) can be written as  

 
4 2 11 1 1

4 22 2 4
0 0

1
(2 ( )) ( ( )) ( 4) 2 ( 2) .

1

k k

k k k

k

E u M u k k k
s

− −
−

+  − +
−

 

On the one hand, multiplying both sides by 1 ks−  , we can obtain  

 
4 2 11 1 1

4 22 2 4
0 0(1 )((2 ( )) ( ( )) ) ( 4) 2 ( 2) .

k k

k k k
ks E u M u k k k

− −
−

− +  − +  

Moreover, from 1k ks s − , we have  

 
4 2 11 1 1

4 22 2 4
0 0(2 ( )) (1 )( ( )) ( 4) 2 ( 2) .

k k

k k k
k ks E u s M u k k k

− −
−

+ −  − +  

Now, using Lemma 4.3, we get 

 
1 1 1

2 2 2 2
0 0 0 0(2 ( )) ( ( )) (2 ( )) (1 )( ( )) .

k ks s

k kE u M u s E u s M u
−

 + −  

Thus, from the above two equations, we have 

 
4 2 11 1

4 22 2 4
0 0(2 ( )) ( ( )) ( 4) 2 ( 2) .

k k k ks s

k k kE u M u k k k
− −−

−

 − +  (4.11) 

It's clear that (4.11) is equivalent to (1.4). 

On the other hand, from 2

1

2
0 0(2 ( ))x L

u E u   and (4.11), we have 

 2 2

4 2 11
1

4 24
0( ) ( 4) 2 ( 2) .

k k

k k
s s

k k k
x L L
u t u k k k

− −
−−

  − +  

And for 4k  , we have 
4 11

44 ( 4)
k

k kk k k
− −− −  , thus, there is 

 2 2

1 2 1
1

2
0 0 2 ( 2) .

k k

k
s s

k k k
x L L
u u k k

−
−−

  +  

That is (1.5).  

Therefore, according to (4.11), and the above equation, the conclusion holds in the first 

case. 
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Now let's consider the second case, 
2 2

1

2
0 0 0max{(2 ( )) , }x xL L

E u u u =   , that is 

2

1

2
0 0(2 ( )) x L

E u u  . Thus, (4.10) can be rewritten as 

 2 2

4 2 11

4 24
0 0

1
( 4) 2 ( 2) .

1

k k

k k k
x L L

k

u u k k k
s

− −
−

 +  − +
−

 

In a similar way, we can get 

 
2 2

4 2 11
1

4 24
0 0 ( 4) 2 ( 2) .

k k

k k
s s

k k k
x L L
u u k k k

− −
−−

  − +  (4.12) 

Similarly, by 
4 11

44 ( 4)
k

k kk k k
− −− −  , we have 

 
2 2

1 2
1

2
0 0

1

2 ( 2) ,
k k

k
s s

k k k
x L L
u u k k

−
−−

  +  

that is (1.5). Moreover, due to 
2

1

2
0 0(2 ( )) x L

E u u   and (4.12), we can obtain 

 
2

4 2 11
1

4 22 4
0 0(2 ( )) ( 4) 2 ( 2) ,

k
k

k ks
s

k k k
L

E u u k k k
− −

−−
 − +  

which is equivalent to (1.4). Thus, we complete the proof of this corollary. 

 

 

5 Scattering result 

 

Proof of Theorem 1.2.  Our aim is to prove that when 0u  satisfies (1.7), (1.8), there 

exists a global solution of (1.1) scattering in 1( )H . By Proposition 2.1, Theorem 3.2, 

Remark 4.2, Corollary 4.4, the conclusion is obviously valid. Specific analysis is as 

follows. 

Firstly, from Proposition 2.1, we know that we need to show that there exists a global 

solution u  satisfying 
5 /4 5 /2k k
x tL L

u    and 
1sup ( )t H

u t  . 

Secondly, it follows from Theorem 3.2 that if 0u   satisfies (1.7), then (1.1) has a 

global solution u   on    with 
5 /4 5 /2k k
x tL L

u    . Thus, we get a global solution u  

satisfying the first condition. 

Finally, from Remark 4.2 and Corollary 4.4 we can get that if 0u  satisfies (1.7) as 

well as (1.8), not only does the global solution u   satisfy 
5 /4 5 /2k k
x tL L

u    , but also 

1sup ( )t H
u t  . Thus, theorem is proved. 

 

Remark 5.1. Although it can be seen from Proposition 2.1 that as long as the global 

solution u   of (1.1)   satisfies 5 /4 5 /2k k
x tL L

u     and 
1sup ( )t H

u t   , we can obtain 

that the solution u   scatters in 1( )H  . However, so far, only Farah et al [18] has 

shown that when 4k    is even and 1 = −  , for 1
0 ( )u H   , the corresponding 

solution  of (1.1) is global and scattering (large data scattering). For other cases of large 

data scattering problems of the supercritical gKdV equation, for example, the 

defocusing gKdV equation ( 1 = − ) when k > 4 is odd or the focusing gKdV equation 

( 1 =  ) when k > 4 is an integer, whether the corresponding global solutions are 

scattering are not yet proven. Although these problems are more difficult, they are also 

very worthy of study. 
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6 Conclusion 

 

In this paper, we consider solutions of the supercritical generalized KdV equation 

∂tu+∂xxxu+μ∂x(u
k+1) = 0, where k > 4 is an integer and μ = ±1. For any u0 belongs to 

H1(ℝ), we show that if u0 ≠ 0 satisfies conditions in Theorem 1.2, then the equation (1.1) 

has a global solution which scatters in H1(ℝ). 

In the study of scattering problem, this paper first establishes a scattering criteria. 

Then we creatively introduce an inequality to obtain the conditions that make the 

equation have uniformly bounded solutions in H1(ℝ). This result is more specific than 

the one in [23]. Finally, we further clarify the conditions for the equation to have a 

global solution scattering in H1(ℝ). Moreover, the scattering results we obtain are 

applicable not only to the defocusing case, but also to the focusing case. 

However, as we mentioned before, for large data scattering problems, only Farah et 

al [18] has shown that when k > 4 is even and μ = ‒1, for any u0 belongs to H1(ℝ), the 

corresponding solution of (1.1) is global and scattering, it is not clear whether the global 

solutions in other cases also scatter in H1(ℝ). 
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