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Short Research Article

Scattering for the supercritical generalized KdV
equation

Abstract.  We consider the scattering problem for the global solutions of the
supercritical generalized KdV equation du+0wmu+ud(u*™) = 0, where k > 4 is an
integer, initial data uo belongs to H'(R), and u = £1.

To solve the scattering problem, a scattering criteria is established firstly, and then
an inequality is introduced to obtain the range of the initial data to have global solutions
in H'(R). Finally, we further clarify the conditions that make the equation have a global
solution which scatters in H'(R). Our method is mainly inspired by the works of Farah,
Linares, Pastor, and Visciglia.

Keywords: supercritical; generalized KdV equation; scattering; global solution.

1 Introduction

We consider solutions of the Initial Value Problem (IVP) associated with the
following supercritical generalized Korteweg-de Vries(gKdV)equation, i.e.,

OU+ 0, U+ 1o, (U1) =0, xeR,teR,
{U(O, X) = Uo (X)»
where uo € H'(R), k>4 is an integer, 1 = 1. We say that the equation (1.1) is focusing
if 4 = 1, and defocusing if ¢ = —1. For k > 4, the equation (1.1) is supercritical case.
Moreover, we recall that the solutions of (1.1) satisfy the following conservation laws

M [u(t)] = jRuz(t)dx, (1.2)

E[u()] = % [ (axu)z(t)dx—é [ uez(tdx. (1.3)

In fact, there are many studies on the scattering of the global solutions of (1.1), many
of which consider small data scattering problems. That is, when the initial data wuo is

(1.1)

small enough, the corresponding solutions scatter in a certain space. For k£ = 3, Koch
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and Marzuola [1] proved that the small initial solutions of the focused gKdV equation
(u = 1) scatter in H'V°(R). As for the case k = 4, Kenig, Ponce, and Vega [2] showed
that for small initial data in L*(R), the solutions of the focused gKdV equation (u = —1)
scatters in L?(R). And when k > 4, Ponce and Vega [3] proved that for small data,
solutions of equation O +0Oxau+0x(a(u)) = 0 scatter in H'(R), in the sense of norm ||u||s .
s €[0,1), where a(-) are nonlinear functions satistfying a(0) = 0, u”&p :”(1_ A2y ‘p ,
u e L?(R) . Kenig, Ponce and Vega [4] also obtained similar scattering results for small
initial solutions. Moreover, Farah and Pastor [5] used the contraction mapping principle
and constructed a special linear equation solution to prove that the following conclusion
holds. That is, when u, e H (R), and satisfies ||u0||H_sk <K, there exists §=¢5(K)
such that if U(t)u0|| <o, there is a unique solution Scattering in H (R),
s, =(k—4)/2k.

After obtaining the small data scattering theory of the global solutions of (1.1), a
natural question is whether the global solutions also have scattering results for large
initial data, that is, large data scattering problem. However, contrary to the small data
scattering theory, only some special cases of the defocused gKdV equation (u=-1)
have been explicitly proved to have scattering results for large data. For example, when
k =4, Dodson [6] showed that when (1.1) are the defocused gKdV equation ( u =-1),
the corresponding solutions are globally well-posed and scattering in L*(R) for
VU, € L*(R) using the profile decomposition proposed by Killip, Kwon, Shao and
Visan [7] as well as an interaction Morawetz estimate constructed based on the
monotonicity formula of Tao [8]. For k >4, the supercritical case, Farah, Linares,
Pastor, and Visciglia [9] using a similar approach in [6], proved that when (1.1) is the
defocused supercritical gKdV equation ( 2z =-1) and £ is even, for Vu, € H}(R) the
correspond solutions are global and scatter in H*(R) . Finally, we should mention that
Kim Taegyu [10] recently obtained the conditions for the existence and scattering of
global solutions to the subcritical defocusing gKdV equation Omu+0xxu+0x(|u|*“u) = 0
in a Morrey space |0, " M£,.

So far, there are many studies on small data scattering problems of (1.1), but most of
them are about the focused gKdV equation ( #=1), there are relatively few papers

L?(k/d L?le

considering the defocusing case. Moreover, fewer papers explicitly pointed out how
small the initial data should be to yield scattering results for the corresponding global
solutions. For these reasons, we decided to further study the small data scattering
problem of the global solution of the supercritical gKdV equation.

The global solution here means a solution that exists at all te R . And we say that
the solution of the nonlinear equation (1.1) scatters in space X , if the solution of the
nonlinear equation (1.1) approaches a solution of the corresponding linear equation in
a certain norm sense (the initial values of these two equations can be different, but they
both belong to the same space X ), when ¢ approaches infinity.

This paper is mainly inspired by Farah, Linares, Pastor, and Visciglia [9] to discuss
the scattering problems of global solutions of the supercritical gKdV equation (1.1),
where k > 4 is an integer, U, € H*(R). In this paper, we first establish a scattering
criteria, that is, sufficient conditions for scattering, by methods like Farah, Linares,
Pastor and Visciglia [9]. And then we introduce a new inequality. Next using the small

data theory [5], the inequality introduced before, as well as the conservation of mass
2



UNDER PEER REVI EW

(1.2) and energy (1.3), we can obtain the conditions that the global solutions of (1.1)
satisfy the scattering criterions. Ultimately, we can obtain the conditions of scattering
for the global solutions of the supercritical gKdV equation (1.1) in H*(R).

The main results of this paper are as follows:
Theorem 1.1. Let k>4, u; e H'(R),and s, =(k—4)/2k ,If |||, #0, assume

1 —k2+32 2
E(Uo)* M (Uo)** <k 2(k—4)*2 4 (k+2)k, E(u)>0, (1.4)
. s 1 —k%+2k+24 1
loxuo) ;s [luol " <k k28 (k+2)k, (1.5)

then for any t as long as the solution of (1.1) exists, we have

or s . Ly L ko 1
o ool = o " <k k2 % (2t 6)
1 1 k-4 —k2+2k+24 1
Theorem 1.2. Let G=1 5 kK 4(k—4)+2 & (k+2)k, ueH(R), k>4 is
9k
an integer, if
luo, <3, 3 =min{G,P(G)/c;,ci/cs }, (1.7)
1
E(Uo) 20, max{(2E(Up))?, |0xUo| .3 +[|uo] . <G. (1.8)

Then there exists a global solution of (1.1) scattering in both directions, i.e., there exist
¢ € HY(R) such that
lim Ju(®)-U t)g;],. =0,
1.1 1 . .
where ¢, ==(—)"% , c,=(=2*c?)V&D | P(x)=c,x V&V | ¢ is a positive
2 4c 8
constant, and C; satisfies

”U (t)u0||L§k/4L?k/2 <G ”Diku(’”Li '

The structure of this paper is as follows. Firstly, in section 2, we establish a scattering
criteria that make the global solution u of (1.1) scatters in H!(R), and introduce a
small data theory. Then, in section 3, we use the small data theory mentioned before to
obtain sufficient conditions for ||u sumge: <0 5 Which is one of condition of the
scattering criteria; Next, in section 4, we introduce an inequality to yield sufficient

conditions for U to be uniformly bounded in H*(R), which is another condition of
the scattering criteria. Finally, in section 5, we can get the scattering results.

Some notation used in this paper is introduced below.

We use ||||Lp to represent the standard LP(R) norm, and we use subscripts to
inform us which variable to focus on. For a given time interval. | — R, define the
mixed norms L{L{ and LPL] of f=f(t,x) as

4o Up oo 1Up
[ = ([0l 0] g = (11700 0

Some modifications are needed when =0 or r=o0.

We define Dy and J; to be, respectively, the Fourier multipliers with symbol
€[ and (&)° =(1+|£))*, and the norm in the Sobolev spaces H*(R) and H*(R)
are given, respectively, by
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|t

e =[9°f

e H<68>S f

where f denotes the usual Fourier transform of f .

A

He E”Dsf

T H|98|s f

2 2
Ls L:

For any initial data u,, weuse U (t)u, to denote the solution of the following linear
KdV equation.
OU+0,,U=0, xeR, teR
{u(O, X) = Ug (X).

el
t=—

It is worth noting that {U ()}
[11]).

. 1s a unitary group operator defined in H*(R) (see

2 Scattering criteria and small data theory

Proposition 2.1. Let u, e HY(R), u(t) is a global solution of the following integral

equation
W) =U O, — [, U (t—1)2, () (t)d, .1)
satisfying ”u”Lik"‘Lf’(‘)‘wa) <o and %gE”u(t)”““R) <o, then there exists ¢, € H(R)
such that
lim fu®)-U ®)4;],,. =0. (2.2)
also, if ||u|| ] <o, then there exists ¢, € H'(R) such that

Li""‘L?EZ‘O
lim Ju®)-U t)g; |, =0.

Proof. The proof of this proposition refers to [9], However, in [9], only the case of
defocusing gKdV( # =—1)equation is considered. In fact, the same conclusion holds

for the focusing gKdV equation (x=1).

First prove the defocusing case( # =—1), assume ”u”Lsmwaz < oo, let
X 0,+00)

# =t + [ U ()0, (uF)(X)dt
Then we have
U(t)gs =U (), + jo“’u (t—t)0, (UT)(t)dt"
Since u is a global solution of (2.1), we can get
u)-U )¢, = —J.:OOU (t—t"o, (uk)(t)dt".
Through similar analysis as [9], we have
Jlut) U (t)g], . <clu s s ),

H —
where c is a positive constant. Since ||u||L5k,4L€k,2 — 0, when t— +o0, in order to obtain
. . X t,+o0)
(2.2), it suffices to verify that

+[us

s (U
L,

Ju

+u,

5110 5110 < w' (2'3)
LxL[0,+rm) LxL‘[O,+w)
And through analysis we know that (2.3) is true. Thus, when we take u=-1, (2.2)

holds.
Next, we proof that if we take =1, the same conclusion holds, let

4
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gt =t — U ()2, ()t )t
Then we have
U(H)-U O = [ UE-1)0, st

Through the same analysis as the defocusing case, we can obtain that (2.2) holds too.

In a similar fashion we obtain the second statement. So far, we have proved that as
long as a global solution u satisfies SUP. |u(t)||Hl <oo and
in both directions.

<00, it scatters

|u|||_§(k/4|_?kl2

Proposition 2.2. Let k>4, s, =(k—4)/2k, up e H*(R) with |u,
is a time interval. There exists & = d(K) such that if
U (t)u0||L§k,4L?k,2 <3, (2.4)
then there is a unique solution U of the integral equation (2.1) in I xR with
ueC(l;H*(R)) satisfying
”U”Lamw <26,and |u

g SK<oo, |

+||Dseu

<2cK, 2.5)

LyH 5P
for some positive constant C.
Proof. The proof is quite standard, so only the main idea is shown here, and the

detailed proof can be found in [12, Theorem 3.6] and [5, Theorem1.2].
We define XX, = {u e C(I;H* (R)) : ul] suspoee <2, Dgu

+|

. <
L H e b}’

where ||| u[[|=]|u

S K
EH +||kau||L§L1|° , for Yue Xa,b .

On XY, consider the integral operator
d(u)(t) =U (t)u, — ,uJ.;U (t—t"o, (uk)(t")dt".
Then we need to show that @: XX, — XX, is a contraction by taking the
appropriate a >0, b > 0. That is to prove the following two equations hold.
||d)(u)||L§k,4L?k,2 <a, ||stk®(u)(t) o +|| D (u)(t) L5 <h.
Ile) -2 lll< Alllu=Vll, B&(0.1), Vu,ve X

Through analysis, it can be proved that when we choose b=2cK, &= % , cak< % ,

1 . . . o
ca“ b < 3’ where ¢ isaconstant, ®(u) isa contractionin XL, satisfying

1
I (u) - (V) [Il< EIII u=vlll, vu,v e XJ.

Then on the bases of the contraction mapping principle, the proof is complete.

Remark 2.3. Here, 6 should satisfy the following range to make the proposition valid.

First by 6 = %, cak < %, we can work out the & should satisfy & < %(%)“ k, and
C

then from b=2cK, = %, ca“h < % ,we have < (% 2k 2)VkD K-VkD

Denote Clzé(dri)”k , sz(%Z"CZ)”(“) , P(X)=c,xV&D  then & should
C

5
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satisfy
0 <¢,and 6 < P(K).

3 Sufficient conditions for |u

< oo
L5k/4|5ki2

Lemma 3.1.let k>4, s, =(k—4)/2k, then
[STCOITRY PR | DkIT

where C is a positive constant.
Proof.  The proof can be found in [9].

Theorem 3.2. k>4, s, =(k—4)/2k, u, e H}(R), | isatime interval. For VG >0,
assume U, satisfies ”u0”H1 <J, J=min{G,P(G)/c;,c /5 }, then there is a unique
solution u of (1.1), satisfying ||u|| <2¢;) <o, where P(X)=cx V& | ¢,

Lik/4|_5|k/2
C, are the constants in Remark 2.3, c; is the positive constant in Lemma 3.1.

Proof.  'We use Proposition 2.2 to complete the proof of the theorem. That is, we need
to show that there exists & satisfying 6 <¢;, and 6 <P(J)=c,JY*D | such that

||U (t)u0||L5Xk,AL?k,2 < ¢ 1in this case.

Next, we discuss it in three cases as follows.
First of all, from Lemma 3.1, we have

U O] <0 [P2 ], <o
Then consider the first case, J = min{G, P(G)/c3, ci/ c3} = G. From it, one can obtain

G <P(G)/cs, c;G < P(G),
= (3.1)
G <c¢/cs. c,G <c,.

And when ||u0||Hl <G, we have

”U (t)u0|||_§<kl4|_i’)k/2 < Cs || D)’?k uO”L% < Cs ||u0||H1 < C3G-

Therefore, as can be seen from (3.1), taking the value of K, J in Proposition 2.2 as
K=G=J, 6d=c,G=c;J, we have

6(K) <P(K),
s(K)<a,
IV (€)Uo | g 500 < S(K).

That is, (2.4) is true, Proposition 2.2 holds in this case, therefore, from (2.5) we get
||u|||_5k/4|_5k/2 <20 = 2C3J <00,

Next, let's consider the second case, J = min{G, P(G)/c3, c1/ ¢3} = P(G)/c3. From it,
we have

{p(e)/case. . {P(G)SP(P(G)’ %) (32)

P(G)/c;<¢/c;. P(G)<c.
The first equation on the right side of (3.2) can be obtained by the monotonic decreasing
property of P(X) =Cox V& k>4,

4+ SP(G)/c; , we can obtain

and when ||u0

6
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u (t)U0||L§k/4L§k/z <G DXSKUOHLg < Cs|uo ], SC:(P(G)/c; ) =P(G).
Therefore, as can be seen from (3.2), taking the value of K, J in Proposition 2.2 as
K=P(G)/c;=J, 6=P(G)=c3J, we have
6(K) < P(K),
6(K)<c,
IV (€)uo | g5 < S(K).
That is, (2.4) is also true, Proposition 2.2 holds too, therefore, from (2.5) we get

|ull epswe <28 =265 <o in the second case.
XL

Finally, consider the third case, J = min{G, P(G)/c3, ci/ ¢3} = ci/ ¢3, From analysis
similar to the second case, we have

{cllcssG, {P(G)S P(c/cs),
— (3.3)
c/c; <P(G)/cs. ¢, < P(G).

1 <G /¢y, we can obtain

”U (V)Uo Hi <c(G/c3)=c.
Thus, by (3.3), taking the value of K, J in Proposition 2.2 as K=¢ /¢c;=J,d=c1=
c3J, we can get

And when ||u0

<Cs ”Uo

[EE

Sk
Lgk/4 5ki2 < Cs || DX Uo

o(K)<P(K),
6(K)<c,
IV (€)uo | g5 < S(K).
Similarly, Proposition 2.2 holds in the third case, that is ||u||L§k,4L?k,2 <20=2CJ <.

All in all, we can get that for VG >0,if u, satisfies ||u0||Hl <J,whereJ = min{G,
P(G)/c3, c1/ c3}, we can take K =J,0 =¢C;J such that Proposition 2.2 holds. That is

to say, there is a unique U of (1.1) satisfying |u <2C,J <.

LEKML?HZ

4  Sufficient conditions for uniformly bounded
solutions

Lemma 4.1. assume ueW?!(R), and uel?(R), u' el (R), where p,re[l,«],
then for Vqe[p,»], we have ueLl?(R) and

—a-Pyo  1-a-Pye a-2ye

lulle<e o llull, & Tull, 4.1)
where @=r/(pr+r—p), WY(R) represents a space consisting of all 1" Weakly

differentiable functions.
Proof. See Exercise 1.8 in [13] and Introduction of [14]. A detailed proof of this
lemma is given below.

Define WP (R)={u:uel?(R), u'eL"(R)} . And let W, ""(R) denote the
closure of C§(R) in WPT(R), one can show that W,"""(R) =W (R). Moreover,
to show that (4.1) holds, it means that the following two statements hold for

7
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YU e WP (R)

sup|u <6 g = o, (4.2)

q-(9-p)@
f Jul* dx < g P)H(j Jul? dx) . , p<q<oo. 4.3)

And from W,"""(R) =WPr(R), we only need to prove that for Yu eW, """ (R), (4.2)
and (4.3) hold.
First of all, it's easy to know

u(x) = fwu’(t)dt =— j:’u'(t)dt, ueWLP"(R).

Thus
u(x)| < t< [ juldt, uews (R). (4.4)
Secondly, we can prove that
O?—X|u|“ = a|u"" uu', 4.5)
)2

| i Z—(U :%(UZ)Z_%U'

2
=a(u?)2 uu’
!

a-2
=au|" " uu"

Therefore, taking u(x) in (4.4) as |u “

, and using (4.5) together with Holder’s

inequality, we can get

a d
<

dt = aJ.\ |u|a_2
R

= aJ'R|u|“_1|u’|dt

(a -

< a(J.‘R|u

. . 1
In order to construct ||u||Lp on the right-hand side of (4.1), we set (o —1)(1— F)’l =p,

which yields o =(pr+r—p)/r . Then denote o = % We have

1 1 oot
lule SE(IR|u|pdx)l ([ Ju dxr.

Thus, we can obtain

-1

(4.6)
On the one hand, consider =0, by (4.6)

sup|u| :sup(|u|é)9 < (E)H(J' lu)” dx)(l_:)g(j u’' dx)g
xeR xeR 9 R R
1 0 p e r|" ¢
=) (JJul” ) ([_[u] dnr.

Here, the last equation makes use of the relation (%—1)(1—%‘l = p, from which we
r

8
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know that (1- E)9 _1=0 .
r

p

On the other hand, when p < < o0, similarly, we can obtain

1
fdx < quJ. Pdx = 2)a-p)o P
IR|u| X<lei‘£)|u| P|u| X sup(|u|6) u

<(= )(q p)H('[ | | dx )(1 3a- p)e(J~| |dX) ; I|U| dx

9-p)o

— (_)(q—p)H(J.\ |U|p dx)(lf?)(Q*P)HH(J‘\ |u/|r dX) .

From the previous analysis, we know that (1——)6’ = 19 . Thus, we can get that for

vueW, """ (R), (4.2), (4.3) hold. Lemma is proved.

Proof of Theorem 1.1. The proof is inspired by the works of [15]. Firstly, assume u
belongs to H!(R), then we have u e L?(R), u’e L2(R). Therefore, applying Lemma
4.1, with p=r=2, q=k+2, we can deduce

k k+4 k
. < 22(k+2) ”u

Taking k+2 power on both sides at the same time, we can get,

k+4 k
Julls

u'l2,. 4.7)
L2

Next, let u be the solution of (1.1) on 1 x R , | isatime interval. Then using the

conservation of energy (1.3) and the above equation, we obtain

2 2u k+2
B—ZEw@+E:§hu (t)dx

Ju

k+2

k+2

< 2E(u0) + |l (4.8)

k+4 k
22 Juoll> e a2

ke

22||u,2 , then (4.8)

£2E(uo)+

When U], <0 let X(t)=|ou@| A=2E(u0),B:k2

+2

[
can be rewritten to
k
X (1) -BX(t) <Atel.
Let f(x)=x—-Bx¥*, for x>0. By calculation, it is easy to obtain that f(x) is
monotonically increasing in [0,%) and monotonically decreasing in (Xy,+%) .

. . 4 . .
Moreover, the function f has a local maximum at X, = (E)M =4 with maximum

f(Xo) —u( 4 )4’(" Y Thus, if we require

A=2E(Up) < f(%), X(0) < X, (4.9)
the continuity of X (t) implies that X (t) <X, for Vt, whenever the solution exists.
Finally, let’s calculate the specific value of f(X,), X, to turn (4.9) into conditions

(1.4), (1.5).
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-
First substituting B = o 2 2E into f(x,), we have
k 4 4 k -4 4 A
:— R k 4 — k—4
f (%) ( ) ” (— ; —)
k+2
—k2+2k+24 4

_(k=4)2 29 (k+2)it

2(k+4)

i
Then, taking S, power on both sides at the same time, we can get
—k2+32 4 —-k2+32 2
k— 422(“4) K+ 2)k-4 k—45k2 a (K +2)k
E(uo)sk (( ) ( ) )Sk :( ) ( ) .

2(k+4) 2(k 4)

2 ol
And 1-s,=(k+4)/2k ,so we can obtain the first condition of (1.4).
Similarly, from

—k2+2k+24 4

X :(i)4/(k—4) 2 2 (k+2)ks

0 kB Z(k 4) !
4 o

and the second condition of (4.9), we can obtain (1.5). By the same method, it can be
proved that (1.6) holds. Thus, theorem is proved.

Remark 4.2. For the defocused gKdV equation (x=-1), when k>4 is an even,
obviously we can obtain E(U;) >0, then if we know . #0, as long as U
satisfies (1.4), (1.5), we can get the conclusion.

Moreover, from the conclusion, we know that ||6Xu(t)||L2 of the solution U is
uniformly bounded on | . Then by the definition of the H'-norm, and the conservation
of mass (1.2), we can get that the H'-norm of U is also bounded. That is, U is a

uniformly bounded solution.

Lemma 4.3. assume a,b >0, ce(0,1), then
a’bc <ca+(1-c)b.
Proof. 1If a=0 or b=0, the conclusion clearly holds. Otherwise, if a>0 and

b >0, let’s take the natural logarithm on both sides of the above inequality. It’s
equivalent to show

clna+(@—-c)Inb<In(ca+ (1-c)b).
And the above formula obviously holds, due to the property of In(x). Thus, the lemma
is proved.

Corollary 4.4. Let uyeH*(R), k>4 is an integer, S, =(k—4)/2k , assume
E(UO) 2 0 s

. #0 and

k-4  —k2+2k+24

4(k 4)y w2 o (k+2)%, (4.10)

1
max{(ZE(UO)) 2, ”axuO |||_2}+ ”uO ”LZ <

then, Theorem 1.1 holds too, that is, for any # as long as the solution exists,

10
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1 —k2+2k+24 1

Ul <k %2 & (k+2)k.
Proof. 1f we want to show that Theorem 1.1 holds according to the conditions in the
corollary, we need to prove that U, satisfies (1.4) and (1.5).

1 1
Firstly, let's consider the first case, max{(2E(u,))2, (|0, 2 if U,

1
satisfies this condition, we have [|OUo|, < (2E(U,))2. Then (4.10) can be written as

k-4 —kZ+2k+24

1
Ki(k—a) 2 o (K+2)x.

1 1
2 2 1
(2E(up))2 +(M (up))? <
1-5s
On the one hand, multiplying both sides by 1—s, , we can obtain
1 1 k-4 —k2+2k+24

- Sk)((ZE(UO))2+(M(UO)) J<k 4(k—4)#2 s (k+2)%-

Moreover, from S, < 1— Sc, we have
1 1 k-4 —k2+2k+24 1

sk(2E(u0))2 +(@1-5)MU))2 <k 4(k—4)4k 2 8 (K+2)k.
Now, using Lemma 4.3, we get

(ZE(Uo)) (M (u0)) 2 <Sk(2E(uO))2+(1 Sk)(M(UO))2

Thus, from the above two equatlons we have
15 1 k-4 —k2+2k+24

(ZE(Uo)) (M) 2 <k ik-8)%2 o (k+2)F.
It's clear that (4.11) is equivalent to (1.4).

1
k

(4.11)

1
On the other hand, from ||6 Uo|, <(2E(Up))? and (4.11), we have

k-4 —k%+2k+24

1Sk<k4(k 4y 2 s (k+2)k.
And for k >4, we have k 4(k—4)4k <k, thus there is

L 1 —k2+2k+24 1
| k<k k2 sk (K+2)«k,
That is (1.5).
Therefore, according to (4.11), and the above equation, the conclusion holds in the first

1
k

case.
1
Now let's consider the second case, max{(2E(u,))?, 3 =|0xUo]|, » that is
1
(2E(Wo))? < |[0utg |, - Thus, (4.10) can be rewritten as
k-4 —k?+2k+24 1
04| +[uoll. < T (k+2)k,
In a similar way, we can get
s k-4 —k2+2k+24 1
00|35 luof.™ < k 4(k 4y 2 s (k+2)k. (4.12)

Similarly, by k#(k—4)% <k, we have
1 —k2+2k+24

2
0wl Juoc™ <k 2o (k+2)x,
that is (1.5).

1
Moreover, due to (2E(Ug))2 < |04Us||,, and (4.12), we can obtain

11
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k-4 —k%+2k+24 1

Sk 1 k=4 —k+2k+24 1
EU))2 uof ;" <k “(k—4)# 2 8  (k+2)k,

which is equivalent to (1.4). Thus, we complete the proof of this corollary.

5 Scattering result

Proof of Theorem 1.2. our aim is to prove that when u, satisfies (1.7), (1.8), there
exists a global solution of (1.1) scattering in H*(R) . By Proposition 2.1, Theorem 3.2,

Remark 4.2, Corollary 4.4, the conclusion is obviously valid. Specific analysis is as
follows.
Firstly, from Proposition 2.1, we know that we need to show that there exists a global

solution u satisfying ||u|||_5xk,4L§.,k,2 <oo and SUPg |u(t)||Hl <00,

Secondly, it follows from Theorem 3.2 that if u, satisfies (1.7), then (1.1) has a
global solution U on RxR with |u

<oo. Thus, we get a global solution u

5k/4| 5kI2
LR

satisfying the first condition.
Finally, from Remark 4.2 and Corollary 4.4 we can get that if u, satisfies (1.7) as

well as (1.8), not only does the global solution u satisfy ||uf <oo, but also

L?(k/AL%klz

SUP;c ||u(t)],,. <oo. Thus, theorem is proved.

Remark 5.1. Although it can be seen from Proposition 2.1 that as long as the global
solution u of (1.1) satisfies ||u||L5k,‘,L%.,k,2 <o and SUPg [U(t)],,. <oo, we can obtain

that the solution u scattersin H!(R) . However, so far, only Farah et al [9] has shown

that when k>4 is even and px=-1, for Vu, € H(R), the corresponding solution

of (1.1) is global and scattering (large data scattering). For other cases of large data
scattering problems of the supercritical gKdV equation, for example, the defocusing
gKdV equation (¢ =-1) when k£ > 4 is odd or the focusing gKdV equation (u=1)

when £ > 4 is an integer, whether the corresponding global solutions are scattering are
not yet proven. Although these problems are more difficult, they are also very worthy
of study.
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